We first classify mod p Shimura F -crystals over an algebraically closed field k of characteristic p > 0 and then we study stratifications defined by isomorphism classes of D-truncations mod p of Shimura F -crystals over k. As a main tool we introduce and study Bruhat F -decompositions; they generalize the combined form of the classical Bruhat decompositions and of Steinberg theorem for reductive groups over k.
§1. Introduction
Let Spec(R) be an affine scheme. For a free R-module K of finite rank, let GL(K) be the group scheme over Spec(R) of linear automorphisms of K. If f 1 and f 2 are Zendomorphisms of K let f 1 f 2 := f 1 • f 2 . A reductive group scheme F over Spec(R) has connected fibres. Let Z(F ) be the center of F . Let F ad := F/Z(F ) be the adjoint group of F . If E is a smooth, closed subgroup of F , then Lie(E) is its R-Lie algebra.
Let p ∈ N be a prime. Let k be an algebraically closed field of characteristic p. Let W (k) be the Witt ring of k. 1.1. Basic notions and notations. Let G be a reductive subgroup of GL(M ) such that there is a direct sum decomposition M = F 1 ⊕F 0 with the properties that: φ(M + 1 p F 1 ) = M , φ(Lie(G B(k) )) = Lie (G B(k) ) and the cocharacter of GL(M ) which acts trivially on F 0 and as the inverse of the identical character of G m on F 1 , factors through G. Let µ : G m → G be this factorization. The group G is a closed subgroup of GL(M ), cf. [Va1, 3.1.2.1 c)]. Triples of the form (M, φ, G) play main roles in the study of special fibres of good integral models of Shimura varieties of Hodge type in mixed characteristic (0, p) (see [LR] , [Ko] , [Va1] , etc.). We call them Shimura F -crystals over k. For g ∈ G(W (k)) let C g := (M, gφ, G).
We have φ −1 (pM ) = (gφ) −1 (pM ) = F 1 + pM and so the following subgroup
is intrinsically associated to the family of Shimura F -crystals over k formed by C g 's. In [Va2] we studied the rational classification of C g 's. In this paper we study (independently of loc. cit.) the classification mod p of C g 's.
We now explain what we mean by it. The normalizer P of F 1 in G is a parabolic subgroup of G. The group P (W (k)) = {h ∈ G(W (k))|h(F 1 ) = F 1 } is a subgroup of PF. We fix a maximal torus T of P through which µ factors. It is easy to see that there is g corr ∈ G(W (k)) such that g corr φ normalizes Lie(T ) (see 2.2). So to ease notations we will assume g corr = 1 M , i.e. we will assume (1) φ(Lie(T )) = Lie(T ).
Warning: motivated by functorial purposes, we do not assume the existence of a Borel subgroup B of G contained in P and such that φ(Lie(B)) ⊂ Lie (B) . Let N T be the normalizer of T in G. Let W G := (N T /T )(W (k)) be the Weyl group of G. Let W P := ((N T ∩ P )/T )(W (k)) W G . For w ∈ W G we fix a representative of it g w ∈ N T (W (k)).
If g 1 , g 2 ∈ G(W (k)), then by an inner isomorphism between C g 1 and C g 2 we mean an element h ∈ G(W (k)) such that we have hg 1 φ = g 2 φh; as we have F 1 + pM = (hg 1 φ) −1 (pM ) = (g 2 φh) −1 (pM ) = h −1 (F 1 + pM ), each such element h belongs to PF.
First Basic Theorem. (a)
There is a subset R G of W G such that for any given g ∈ G(W (k)) there are elements w ∈ R G and g 1 ∈ Ker(G(W (k)) → G(k)) with the property that C g and C g 1 g w are inner isomorphic. See 2.4 for the definition of the simple factors of (Lie(G ad ), φ) and of their types. Each simple factor of (Lie(G ad ), φ) is either trivial or non-trivial. Moreover, any non-trivial simple factor of (Lie(G ad ), φ) is of one of the following five types introduced in the context of Shimura varieties of Hodge type in [De] : A n , B n , C n , D H n or D R n type.
The existence of the set R GL(M ) is just an adequate translation of the classification of truncated Barsotti-Tate groups of level 1 over k obtained in [Kr] (see 2.3.1 and 2.3.3). Recent works of Oort-Ekedahl and Moonen extended [Kr] to the classical context of (principally quasi-polarized) truncated Barsotti-Tate groups of level 1 over k endowed with certain semisimple F p -algebras of endomorphisms (see [Oo2] and [Mo1] ; see also [We] for some weaker extensions). These extensions can be used to regain 1.2 for the particular cases related to the mentioned context; all these particular cases are such that the simple factors of (Lie(G ad ), φ) are either of A n type or of very particular (the so called totally non-compact) C n or D H n type. In [Oo2] no semisimple F p -algebras show up. In [Mo1] the case p = 2 is almost entirely excluded and the proofs are very long and do not generalize.
1.3. On D-truncations. Let V : M → M be the Verschiebung map of (M, φ). So we have φV = V φ = p1 M . LetM := M/pM . Letḡ ∈ G(k) be g mod p. We have PF = {g ∈ G(W (k))|ḡ ∈ P (k)}. By the D-truncation mod p of C g we mean the quadruple Cḡ := (M ,ḡφ,Vḡ −1 , G k ), whereφ,V :M →M are the reductions mod p of φ and respectively V . Here D stands for Dieudonné and is inserted not to create confusion with the usual truncation (M ,ḡφ) mod p of (M, gφ), viewed just as an F -crystal over k. By an inner isomorphism between Cḡ 1 and Cḡ 2 we mean an elementh ∈ P (k) such thathḡ 1φ =ḡ 2φh andhVḡ −1 1 =Vḡ −1 2h . In 2.2.3 (b) we check that Cḡ 1 and Cḡ 2 are inner isomorphic iff there is h 12 ∈ Ker(G(W (k)) → G(k)) such that C g 1 and C h 12 g 2 are inner isomorphic. So 1.2 (a) is equivalent to the fact that for anyḡ ∈ G(k) there is w ∈ W G such that Cḡ and Cḡ w are inner isomorphic.
1.4. On contents. Our first new idea is the introduction of the zero space zḡ of Cḡ (see 3.1). This space is an F p -Lie subalgebra of Lie(G k ) which via suitable exponentials plays for the group Autḡ of inner automorphisms of Cḡ, the same role played by the local exponentials of symmetric spaces or of complex Lie groups (see our Second Basic Theorem 4.2). See 3.1 to 3.3 for general properties of zero spaces. In §4 we present our second new idea, i.e. the general philosophy of group actions and Bruhat F -decompositions governing the phenomenon of 1.2. These decompositions generalize the combined form of the classical Bruhat decompositions and of Steinberg theorem for reductive groups over k (see 4.8.2).
Here "F -" is used as in the Steinberg's form of Lang theorem (see [Hu2, 8.3] and [St, 7.3] ).
See 4.2 (c) for a new (type of) dimension formula for Autḡ. It seems to us that this formula is more practical than its analogue of [Mo2] pertaining to the mentioned classical context; for instance, we use it to generalizes to the context of C g 's, the well known fact that the Barsotti-Tate group of a finite product of supersingular elliptic curves over k is uniquely determined by its truncation mod p (see 4.2.5 and 6.2 (c)). See 4.4 for our Third Basic Theorem. In particular, see 4.4 (c) for a concrete description of the equivalence relation R G on W G with the property that w 1 and w 2 ∈ W G belong to the same equivalence class of R G iff Cḡ w 1 and Cḡ w 2 are inner isomorphic. As an extra main feature we mention: Cḡ w 1 and Cḡ w 2 are inner isomorphic iff C g w 1 and C g w 2 are inner isomorphic (see 4.4 (b) ). We do not know any relevant literature pertaining to the results 4.3 and 4.4. In 4.5 and 4.6 we list several analogies between the group action T G k ,σ of 4.1 and its classical analogue T cl G k ,σ producing a Bruhat decomposition for P (k)\G(k).
In 5.1 we combine §3 and §4 to show that under some conditions, the set R G exists if its analogue R G 1 exists, where G 1 is a reductive subgroup of GL(M ) containing G and such that the triple (M, φ, G 1 ) is a Shimura F -crystal over k. This standard idea is also used in [Mo1] and [We] which worked with G 1 = GL(M ). As a main difference from [Mo1] and [We] , in the proof of 5.1 we (follow [Va1, 4.2 and 4.3] and) use direct sum decompositions Lie(G 1 ) = Lie(G) ⊕ Lie(G) ⊥ of G-modules or adjoint variants of them and we do not appeal either to any Z p -or F p -algebra or to the canonical stratifications of (M ,ḡφ,Vḡ −1 )'s introduced in [Kr] and [Oo2] . Moreover, we use (reductions mod p) of Versciebung maps just in 2.3 and to introduce some notations in 4.1.2 and §7. See 2.5 for properties of trace forms (most common such direct sum decompositions Lie(G 1 ) = Lie(G) ⊕ Lie(G) ⊥ are produced by them). The guiding point of the proofs of 5.1 and 1.2 (a) is to show that (under the natural condition 2.2.3 (*)), a suitable F p -Lie subalgebra of zḡ is the Lie algebra of an F p -structure of a unique reductive subgroup of G k of the same rank as G k (for Cḡ w 's this is checked in 3.3.1 (j)).
In §6 we prove 1.2. Almost always the inductive approach of 5.1 suffices; however, for p = 2 and for the B n and D R n types we will also use a shifting process which is a standard application of 4.4 and 4.6 and which says that it suffices to prove 1.2 for p >> 0.
Our main reason in proving 1.2 is to get a tool which is useful in the classification of C g 's up to inner isomorphisms and which will allow us (based on 4.2.4, 7.2 and 7.3 (a)) in future work to show that the methods of [Oo1] can be adapted to prove that each rational stratification introduced in [Va2, 5.3 ] has a unique closed stratum. Based on 1.2, 4.1 and [Va1, §5 and §6] and [Va2, §5] , the generalization of [Oo2, §1] and [We, Th. of p. 442 ] to special fibres of the integral canonical models of Shimura varieties of Hodge type in mixed characteristic (0, p) proved to exist in [Va1] or (assumed to exist and) considered in [Va2, §5] is automatic (see 7.3 (a) ). So for the sake of generality and of not making this paper too long by recalling the machinery of Shimura varieties of Hodge type, in §7 we introduce and study stratifications generalizing [Oo2, §1] and [We, Th. of p. 442] directly in an abstract and axiomatized context.
Let a, b ∈ Z with b ≥ a. The methods of sections 3.1 to 3.3, 4.1 to 4.7 and 5.1 work even if we replace (the roles of) the quadruple (M = F 1 ⊕ F 0 , φ, µ : G m → G, PF) and of D-truncatins by the ones of an analogue quadruple (M = ⊕ b i=aF i ,φ,μ : G m →G, PF) and of F -truncations, where PF := {g ∈G(W (k))|g(⊕ b i=a p iF i ) = ⊕ b i=a p iF i } and where the F -truncations are as defined in math.NT/0104152 and [Va3, 3.2.2.3] . Strictly speaking, the parts of these sections relying on 3.2 require the assumption b − a ≤ p − 1 but a similar shifting process shows that to generalize 1.2 to the context of (M ,gφ,G)'s we can assume p >> 0 (hereg ∈G(W (k)))). So to generalize 1.2 to the last context one just needs to first check the case whenG = GL(M ) and then to apply entirely the methods of this paper. To be short, we restricted here to the context of Shimura F -crystals.
A great part of this paper just splits and a refines tiny bits of math.NT/0104152. We thank U of Arizona for good conditions for the writing of this paper. §2. Preliminaries
In 2.1 we first list some notations and then in 2.1.1 to 2.1.3 we recall three well known properties. In 2.2 we introduce some Z p -structures. In 2.3 we recall a basic result of [Kr] and include simple properties of D-truncations which lead to the existence of the set R GL(M ) . In 2.4 we follow [De, 2.3.8 ] to define the simple factors of the pair (Lie(G ad ), φ). In 2.5 we recall some simple properties of the trace form on End(M ).
2.1. General notations and some well known properties. Always the notations C g 's, µ, F 1 , F 0 , T , N T , W G , W P , g w 's, P , PF, V ,M ,φ,V and Cḡ's are as in 1.1 and 1.3.
Let U be the unipotent radical of P ; it is the maximal commutative subgroup of G fixing F 1 and M/F 1 . Let N be the unipotent radical of the parabolic subgroup of G which is the normalizer of F 0 in G; so N is the maximal commutative subgroup of G fixing F 0 and M/F 0 as well as it is the opposite of U with respect to T . Each element of U (W (k)) (resp. N (W (k))) is of the form 1 M + y, where y ∈ Lie(U ) (resp. y ∈ Lie(N )). This is so as inside End(M ) we have y 2 = 0. Let P 0 be the centralizer of µ in G; it is the Levi subgroup of P containing T . Let B be a Borel subgroup of G contained in P and containing T . Let B opp be the Borel subgroup of G which is the opposite of B with respect to T .
Let R, K, E and F be as in §1. Ifμ : G m → F is a cocharacter of F , then we denote by dμ : Lie(G m ) → Lie(F ) the Lie homomorphism defined byμ. So l 0 ∈ Lie(G) is the image under dµ of the standard generator of Lie(G m ). A cocharacter of GL(K) is said to have weights {−1, 0} if it acts on K via both the trivial and the inverse of the identical characters of G m . Let F der be the derived group of F . Let F sc be the simply connected semisimple group cover of F der . Let Z 0 (F ) be the maximal torus of Z(F ). For a finite, flat monomorphism R 0 ֒→ R let Res R/R 0 E be the group scheme over Spec(R 0 ) obtained from E through the Weil restriction of scalars (see [BT, 1.5] and [BLR, 7.6] ). So if R 1 is an R 0 -algebra, we have a canonical identification Res R/R 0 E(R 1 ) = E(R 1 ⊗ R 0 R) of groups. The pull back of an object or a morphism Y or Y R 0 (resp. Y * with * an index) of the category of Spec(R 0 )-schemes to Spec(R) is denoted by Y R (resp. by Y * R ).
2.1.1. Fact. Let E be a smooth group scheme over Spec(Z p ) having an affine, connected special fibre E F p . Let the automorphism σ of W (k) act on E(W (k)) in the natural way.
Proof: Let f 0 be the identity element of E(W (k)). By induction on q ∈ N we show that there is f q ∈ E(W (k)) such that f q σ(f −1 q ) and f are congruent mod p q and f q and f q−1 are congruent mod p q−1 . The existence of f 1 is implied by Lang theorem of [Bo, 16.4 to 16.9] applied to the affine, connected group E k . The passage from q to q + 1 goes as follows. We take
. As E is smooth, we can identify Lie(E k ) = Ker(E(W q+1 (k)) → E(W q (k))). So by applying loc. cit. to the vector group scheme over Spec(k) defined by Lie(E k ), we get that we can choosef q such thatf q σ(f −1 q ) and f ′ q are congruent mod p q+1 . So f q+1 σ(f −1 q+1 ) is congruent mod p q+1 to f . This ends the induction. Iff ∈ E(W (k)) is the p-adic limit of f q 's, then we have f =f σ(f −1 ). [Bo, 7.1 of Ch. 1] . As E 1 and E are flat, closed subgroups of GL(M ), they are the Zariski closures in GL(M ) of their generic fibres. So E 1 = E.
2.2. Some Z p -structures. We start by not assuming that (1) holds. For g ∈ G(W (k)) let σ g := gφµ (p) .
It is a σ-linear automorphism of M normalizing Lie(G). So as k =k,
. So σ g (G) = G (cf. 2.1.3) and so G is the pull back to Spec(W (k)) of a reductive subgroup G g Z p of GL(M g Z p ). So for i ∈ Z, σ i g acts naturally on subgroups and cocharacters of G k and G W (k) . For instance, σ i g (µ) is the σ i g -conjugate of µ, i.e. it is the cocharacter of G whose image has its Lie algebra generated by σ i g (l 0 ) = σ i g l 0 σ −i g ∈ End(M ) and which acts on M via the trivial and the inverse of the identical character of G m . We have gφ(Lie(T )) = σ g (Lie(T )) = Lie(σ g (T )).
Letḡ corr ∈ G(W (k)) be such thatḡ corr σ 1 M (T k )ḡ −1 corr = T k , cf. [Bo, 11.13 (1) ]. Let g corr ∈ G(W (k)) liftingḡ corr and such that g corr σ 1 M (T )g −1 corr = T , cf. [DG, Vol. II, p. 47 and 48 ]. So we have g corr φ(Lie(T )) = Lie(T ). This motivates why from now on until the end of the paper we will assume that (1) holds (so as g corr we can take 1 M ).
Let w ∈ W G . We have Lie(σ g w (T )) = σ g w (Lie(T )) = g w φ(Lie(T )) = g w (Lie(T )) = Lie(T ). So the maximal tori σ g w (T ) and T of G have the same Lie algebras and so coincide, cf. 2.1.3. So T is the pull back to Spec(W (k)) of a maximal torus T g w
We get: 2.2.1. Fact. The inner isomorphism class of C g w depends only on w and not on the choice of the representative g w of w. Also, if g 1 ∈ Ker(G(W (k)) → G(k)), then C g 1 tg w is inner isomorphic to C g 2 g w , where g 2 := t 1 g 1 t −1
Warning: we denote also σ 1 M just by σ. So we have
So we have an abstract group action
of PF on G(W (k)) viewed just as a set, defined by the rule
The orbits of this action are in one-to-one correspondence to the inner isomorphism classes of C g 's. In this paper we will mainly study the mod p version of this action. We consider the product decomposition ]. If G is a torus, then as a convention J = ∅. Let J c be the subset of J formed by those j for which µ has a trivial image in G j W (k) . Let H Z p be the reductive subgroup of G Z p generated by Z 0 (G Z p ) and by the normal, semisimple subgroup of G der Z p whose adjoint is j∈J\J c G j Z p . So µ factors through H := H W (k) and so Lie(H B(k) ) is normalized by φ. So the triple (M, φ, H) is a Shimura F -crystal over k in the sense of 1.1.
Facts. (a) For each
As P k surjects onto G k /H k , there is h ∈ PF lifting g H . So g 1 := hgφ(h −1 ) ∈ H(W (k)) has the desired property. Thus (a) holds.
We prove (b). If µ factors through Z 0 (G), then PF = G(W (k)) and for h ∈ G(W (k)) we have φ(h) = σ(h). Thus C g is inner isomorphic to C 1 M , cf. 2.1.1 applied to G Z p .
Lemma. (a)
We assume that the following condition holds: (*) either the group G ad is trivial or there is a family of cocharacters of GL(M ) of weights {−1, 0} factoring through G k and such that their images in G ad k are Zariski dense.
Then all simple factors of G ad k are of classical Lie type. (b) If J c = ∅, then condition (*) holds. More precisely, the group G ad k is generated by images in G ad k of G(k)-conjugates of special fibres of cocharacters in the set {σ i (µ)|i ∈ Z}. [Kr] and D-truncations. A truncated Barsotti-Tate group of level 1 over k is a finite, flat, commutative group schemeD 1 over k annihilated by p and such that the complexD 1F 1 →D × k σ kV 1 →D 1 is exact, whereF 1 andV 1 are the Frobenius and respectively the Verschiebung homomorphisms. Let D 1 be a Barsotti-Tate group over k such that D 1 [p] =D 1 , cf. [Il, 4.4 e) ]. Let (M 1 , φ 1 ) be the Dieudonné module of D 1 . Let V 1 be the Verschiebung map of (M 1 , φ 1 ). LetM 1 ,F 1 andV 1 be the reductions mod p of M 1 , φ 1 and respectively V 1 ; the notations match, i.e. the crystalline realizations of the homomorphismsF 1 andV 1 are denoted also byF 1 andV 1 . The classical Dieudonné theories (for instance, see [Fo, 5.1 of Ch. III and p. 160] ) tell us that the triple (M 1 ,F 1 ,V 1 ) depends only onD 1 and we have Im(F 1 ) = Ker(V 1 ) and Ker(F 1 ) = Im(V 1 ). Moreover, the associationD 1 → (M 1 ,F 1 ,V 1 ) induces an antiequivalence of categories. Also the association D 1 → (M 1 , φ 1 ) induces an antiequivalence from the category of Barsotti-Tate groups over k and the category of Dieudonné modules over k (see [Fo, 6.4 of Ch. III]).
A review of
We now assume that r = rk W (k) (M 1 ) and d = dim k (Ker(F 1 )). SoD 1 is a truncated Barsotti-Tate group of level 1 of height r and dimension d. In [Kr] (see also [Oo2, (2.3) and (2.4)] and [Mo1, p. 259] ) it is shown that there is a k-basis {b 1 , ...,b r } ofM 1 and a permutation π of {1, ..., r} such that for i ∈ {1, ..., r} the following properties hold:
Until 2.3.2 we assume G = GL(M ). Let g w ∈ GL(M )(W (k)) be such that g w φ takes e i into p n i e π(i) for all i ∈ {1, ..., r}, where n i ∈ {0, 1} is 1 iff i ≤ d. Based on 2.2.1 we can assume that our notations match, i.e. that g w is the representative of the image of g w in W GL(M ) we chose in 1.1. The Verschiebung map of (M, g w φ) is V g −1 w . By mappingb i →ē i we get an isomorphism (M 1 ,F 1 ,V 1 ) ∼ → (M ,ḡ wφ ,Vḡ −1 w ). Thus we got: 2.3.1. Corollary. We assume G = GL(M ). Each truncated Barsotti-Tate group of level 1 over k of height r and dimension d is isomorphic to the truncation mod p of the Barsotti-Tate group over k whose Dieudonné module is (M, g w φ) for some w ∈ W GL(M ) .
2.3.2. Lemma. Let g 1 and g 2 ∈ G(W (k)).
(a) We have
(b) The D-truncations mod p of C g 1 and C g 2 are inner isomorphic iff there is h ∈ PF such that h 12 := hg 1 φ(h −1 )g −1 2 belongs to Ker(G(W (k)) → G(k)).
Proof:
We identify Hom W (k) (F 1 , F 0 ) with the maximal direct summand of End(M ) on which µ acts via the identical character of G m . Let N big be the unipotent, connected, smooth, closed subgroup of GL(M ) having Hom W (k) (F 1 , F 0 ) as its Lie algebra. We identify N big with the vector group scheme defined by Hom W (k) (F 1 , F 0 ) via the maps which take
at the level of Lie algebras. So N ′ k is smooth and has N k as its identity component. As µ k normalizes N ′ k , we easily get that the finite,étale quotient group N ′ k /N k is the trivial subgroup of the quotient group N big k /N k . So N k = N ′ k . So it suffices to prove (a) under the extra assumption that G = GL(M ) and so that N big = N . Asḡ 2φ =ḡ 1φ , we haveḡ −1 2ḡ 1φ =φ and soḡ −1 2ḡ 1 fixes σ(F 0 /pF 0 ) =φ(M ). Due to this and the equalityV =Vḡ −1 2ḡ 1 , we get thatḡ −1
. This proves (a). We now prove (b). The "if" part is trivial. We check the "only if" part. Let h ∈ P (k) defining an inner isomorphism between Cḡ 1 and Cḡ 2 . By replacing g 1 with h 1 g 1 φ(h −1 1 ), where h 1 ∈ PF liftsh, we can assumeh = 1M . So Cḡ 1 = Cḡ 2 . So the element g 3 := σ −1 g 1 g 2 g −1 1 σ g 1 ∈ G(W (k)) is such thatḡ 3 ∈ N (k), cf. (a). By multiplying g 2 with an element of Ker(G(W (k)) → G(k)) we can also assume that g 3 ∈ N (W (k)). So we can write
So g 2 φ = g 2 φ(h)φh −1 = g 1 φh −1 . Thus h 12 = h ∈ Ker(G(W (k)) → G(k)). So (b) holds. Proof: This is just the translation of 2.3.1 and 2.3.2 (b), cf. also 2.2.1.
2.4. Simple factors of (Lie(G ad ), φ). We identify Lie(G ad ) with a W (k)-Lie subalgebra of Lie(G der B(k) ) = Lie(G ad B(k) ). We have a direct sum decomposition (cf. (2))
is a non-trivial (resp. is a trivial) simple factor of (Lie(G ad ), φ). Let now j ∈ J \ J c . The Lie algebras of the simple factors of G jB(k) are permuted transitively by φ = σµ( 1 p ). So these factors have the same Lie type LT j . From 2.2.3 (b) we get that LT j is a classical Lie type. We say (Lie(G j W (k) ), φ) is of A n , B n or C n type if LT j is A n , B n or respectively C n (n ∈ N).
We now assume that LT j = D n with n ≥ 4. We say (Lie(G j W (k) ), φ) is of D R n type if the non-trivial images of σ i (µ)'s with i ∈ Z in any simple factor G j 0 of G j W (k) are G j 0 (W (k))conjugate and the centralizers of these images in G j 0 have adjoint groups of D n−1 Lie type. We say (Lie(G j W (k) ), φ) is of D H n type if it is not of D R n type. The above definitions of types are a natural extrapolation of [De, 2.3.8 ].
2.5. On trace forms. Let M be a free W (k)-module of finite rank. Let G be a reductive subgroup of GL(M). So Lie(G) is a Lie subalgebra of End(M). Let ρ : G ֒→ GL(M) be the resulting faithful representation. We refer to [FH, §20] for spin representations over C and to [Hu1, §27] for their versions over Z. For x, y ∈ Lie(G) let Tr(x, y) be the trace of the endomorphism xy of M. We get a symmetric bilinear form Tr on Lie(G).
2.5.1. Lemma. The trace form Tr is perfect (i.e. induces an isomorphism from Lie(G) onto Hom W (k) (Lie(G), W (k))) if any one of the following disjoint six conditions holds:
(i) ρ is an isomorphism; (ii) ρ is the embedding SL n ֒→ GL n and p does not divide n;
(iii) ρ is the spin faithful representation GSpin 2n+1 ֒→ GL 2 n with n ≥ 1 and p > 2; (iv) p > 2 and there is n ∈ 2N such that ρ is either the faithful representation Sp n ֒→ GL n or the faithful representation SO n ֒→ GL n ;
(v) p = 2 and there is n ∈ 2 + 4N such that ρ is either the faithful representation GSp n ֒→ GL n or the faithful representation GSO n ֒→ GL n ;
(vi) ρ is a half spin faithful representation GSpin 2n ֒→ GL 2 n−1 (n ≥ 4) and p > 2.
Proof: The Lemma is well known if (i) holds. So we will assume that one of the conditions (ii) to (vi) holds. Let I be the null space of the reduction Tr k mod p of Tr. As for all x, y, z ∈ Lie(G) we have Tr(x, [y, z]) = Tr([x, y], z), I is an ideal of Lie(G k ). If (ii) or (iv) holds, then Lie(G k ) has no proper ideals (cf. [Hu2, (0.13)] ) and it is easy to see that I = Lie(G k ); so I = {0}. We now assume that (iii) or (vi) holds. For simplicity, we refer to case (iii) as case (vi) is entirely the same. Letμ : G m → G be a cocharacter defining a cocharacter of GL(M) of weights {−1, 0} (cf. [Se1, p. 186] , [Pi, Table 4 .2], etc.). Letl 0 be the image under dμ of the standard generator of G m . The multiplicities of the eigenvalues −1 and 0 ofl 0 are 2 n−1 , cf. [Pi, Table 4 .2]. So Tr(l 0 ,l 0 ) = Tr(−l 0 , 1 M ) = 2 n−1 and Tr(1 M , 1 M ) = 2 n . So Tr(l 0 + 1 2 1 M ,l 0 + 1 2 1 M ) = 2 n−2 . Sol 0 + 1 2 1 M ∈ Lie(G der ) mod p does not belong to I. Also Lie(Z(G k )) = k1 M/pM is not contained in I. But Lie(Z(G k )) and Lie(G der k ) are the only proper ideals of Lie(G k ) = Lie(Z(G k )) ⊕ Lie(G der k ), cf. [Hu2, (0.13) ]. So I = {0}. We now assume (v) holds. Letμ : G m → G andl 0 be as above. We have Tr(l 0 ,l 0 ) = Tr(−l 0 , 1 M ) = n 2 ∈ 1 + 2N. So 1 M/pM / ∈ I. But any ideal of Lie(G k ) contains Lie(Z(G k )) and so 1 M/pM . This is an easy consequence of the structure of the ideals of Lie(G der k ) and Lie(G ad k ) (see loc. cit.). For instance, if G der is an SO n group, then the only proper ideals of Lie(G k ) are Lie(Z(G k )) and Lie(G der k ). So I = {0}. As we have I = {0}, the trace form Tr is perfect. §3. Zero spaces In 3.1 we define the zero space of Cḡ. In 3.2 we use properties of Cartan Lie subalgebras to introduce some subgroups of G k whose Lie algebras are related to zero spaces. In 3.3 we list formulas pertaining to the zero spaces of Cḡ w 's and to the slopes of (Lie(G), g w φ)'s.
3.1. Basic constructions. Let g ∈ G(W (k)). Though F 1 and P depend on µ, the direct summand F 1 /pF 1 = (gφ) −1 (pM )/pM = (φ) −1 (pM )/pM ofM and so also P k are uniquely determined byḡφ. So the Lie subalgebra Lie(P ) + pLie(G) of Lie(G) does not depend on µ or g. We consider the σ-linear Lie homomorphism
be the natural inclusion. LetL g andĪ G be the reductions mod p of L g and I G . Let zḡ be the image in Lie(G k ) of the set
Let wḡ be the Lie subalgebra of Lie(G k ) generated by the k-span sḡ of zḡ. Let y 0 g be the maximal k-linear subspace of zḡ.
Proof: Part (a) is obvious. We check (b). The set zḡ depends only onḡ as Lḡ does. So up to a multiplication of g 1 by an element in Ker(G(W (k)) → G(k)) we can assume g 1 is hgφ(h −1 ) withh = 1M (cf. proof of 2.3.2 (b)). So zḡ =h(zḡ) = zḡ 1 . Part (b) of the above Fact justifies the following definition.
3.1.2. Definition. We refer to zḡ, sḡ, y 0 g and wḡ as the zero space, the span zero space, the linear zero space and respectively the enlarged zero space of Cḡ.
Proof: As L g and I G are Lie homomorphisms, part (a) follows. Part (b) follows from (a). To prove (c) it suffices to show that there is no y ∈zḡ \ {0} such thatĪ G (y) = 0. Any such y is a non-zero element of the image of pLie(N ) in (Lie(P ) +pLie(G))/p(Lie(P ) +pLie(G)). SoL g (y) ∈ Lie(G k ) \ {0} and soĪ G (y) = 0 =L g (y). So y / ∈zḡ and thus such an element y does not exist. So (c) holds. Part (d) is just a translation of the definition of zḡ in terms of elements of Lie(G).
3.1.4. Example. We assume that (r, d) = (2, 1), that G = GL(M ) and that φ(e 1 ) = pe 1 and φ(e 2 ) = e 2 . Then {ē 1,1 ,ē 2,2 } is an F p -basis of z 1M . Let w ∈ W GL(M ) be the nonidentity element. We can assume g w permutes e 1 and e 2 . Then g w φ permutes e 1,1 and e 2,2 and takes e 1,2 into pe 2,1 . Also
3.2. Some subgroups of G k . We consider the Weyl decomposition
Proof: We can assume G ad is non-trivial. Let α ∈ Φ j . As 2.2.3 (*) holds, there is a cocharacterμ k of GL(M ) of weights {−1, 0} which factors through T k in such a way that there is β ∈ Φ j with the property that the image through dμ k of the standard generator of Lie(G m ) fixesḡ β , and g α ⊕g β is included in the Lie algebra of a simple factor of Lie(G j W (k) ). If G j W (k) is of B n or C n Lie type with n ≥ 2, then we can choose the root β to be long or short as desired. So g α is N T (W (k))-conjugate to such a g β , cf. [Hu1, Lemma C of p. 53] . Soḡ α does not centralizes Lie(T k ). As Φ is a finite set, we get the existence of an elementl ∈ Lie(T k ) whose centralizer in Lie(G k ) is Lie(T k ). So the centralizer of Lie(T k ) in Lie(G k ) is Lie(T k ) itself. But as Lie(T k ) is commutative and formed by semisimple elements of End(M ), the normalizer and the centralizer of Lie(T k ) in Lie(G k ) coincide and so are
Cartan Lie subalgebras.
We recall few notions from [DG, Vol. II, §4 of Exp. XIII]. Let w be a finite dimensional Lie algebra over k. Forx ∈ w let ad(x) : w → w be the k-linear map takingȳ ∈ w into [x,ȳ] . The nilpotent rank of w is the greatest number s ∈ N ∪ {0} such that for anyx ∈ w the characteristic polynomial P w (x) of ad(x) has the root 0 of multiplicity at least s. We sayx is regular if this multiplicity is exactly s. A Cartan Lie subalgebra of w is a maximal nilpotent Lie subalgebra of w containing a regular element. Its nilpotent rank is s, cf. [DG, Vol. II, 4.8 (iii) of Exp. XIII].
Proposition. We assume condition 2.2.3 (*) holds. We have:
(a) The Cartan Lie subalgebras of Lie(G k ) are the Lie algebras of maximal tori of G k . So Lie(T k ) is also a Cartan Lie subalgebra of any Lie subalgebra of Lie(G k ) containing Lie(T k ). Moreover, the elementl ∈ Lie(G k ) of the proof of 3.2.1 is a regular element.
(b) We assume w is a Lie subalgebra of Lie(G k ) containing the Lie algebra of a maximal torus of G k . Then there is a unique connected and smooth subgroup W of G k having w as its Lie algebra. It is the identity component of the normalizer of w in G k . Proof: We prove (a). As G k is smooth, from 3.2.1 and [DG, Vol. II, 5.7 a) of p. 290] we get that Lie(T k ) is a Cartan subalgebra of Lie(G k ) and so also of any other Lie subalgebra of Lie(G k ) containing Lie(T k ). So as the Cartan Lie subalgebras of Lie(G k ) are G(k)conjugate (cf. [DG, Vol. II, 6 .1 a) of p. 291]), the first two parts of (a) hold. So the nilpotent rank of Lie(G k ) is dim k (T k ). Asl is semisimple and as we have [l, [l, ..., [l, x] 
Sol is a regular element of Lie(G k ). So (a) holds.
Part (b) Proof:
3.2.5. Proposition. We assume condition 2.2.3 (*) holds. Let S 0 be a connected, smooth subgroup of G k containing a maximal torus of G k . Let S 1 and S 2 be tori of GL(M ) generated by images of cocharacters of GL(M ) of weights {−1, 0}. We have:
(a) The tori S 1 and S 2 commute iff Lie(S 1 ) and Lie(S 2 ) commute.
(b) We assume that Lie(S 1 ) ⊂ Lie(S 0 ) and that S 2 is a maximal torus of G k . Then S 1 centralizes a maximal torus of S 0 . If moreover p > 2, then S 1 normalizes Lie(S 0 ).
Proof:
We prove (a). The only if part is trivial. To check the if part we can assume S 1 and S 2 are of rank 1. But this case is trivial. So (a) holds.
We prove (b). Let c 0 be the centralizer of Lie(S 1 ) in Lie(S 0 ). Let w be a Cartan subalgebra of c 0 . The sum Lie(S 1 ) + w is a nilpotent Lie subalgebra of c 0 containing w. So as w is a maximal nilpotent Lie subalgebra of c 0 , we get Lie(S 1 ) ⊂ w. Also w is its own normalizer in c 0 , cf. [DG, Vol. II, 4 .4 of p. 279]. As Lie(S 1 ) is formed by commuting semisimple elements, Lie(S 0 ) is the direct sum of c 0 and of one dimensional k-vector spaces normalized by Lie(S 1 ). So c 0 is the normalizer of Lie(S 1 ) in Lie(S 0 ). So as Lie(S 1 ) ⊂ w, the normalizers of w in Lie(S 0 ) and in c 0 are the same and so equal to w. So w is a Cartan subalgebra of Lie(S 0 ), cf. [DG, Vol. II, 5.7 of p. 290] . So from 3.2.3 (a) and [DG, Vol. II, 6 .1 a) of p. 291] we get that w is the Lie algebra of a maximal torus W of S 0 and so also of G k . As W and S 2 are G(k)-conjugate, W is also generated by cocharacters of GL(M ) of weights {−1, 0}. So S 1 and W commute, cf. (a).
To check the last part of (b) we can assume S 1 is of rank 1. Letl S 1 be the semisimple element of Lie(S 1 ) acting onM via the eigenvalues 0 and −1. Let Lie(S 0 ) = c 0 ⊕ c 1 ⊕ c −1 be the eigenvalue decomposition of the action ofl S 1 on Lie(S 0 ) via the left Lie bracket multiplication. This makes sense as p > 2. Now it is easy to see that S 1 normalizes c i for any i ∈ {−1, 0, 1}. Thus S 1 normalizes Lie(S 0 ).
Formulas.
We fix a w ∈ W G . In this section we use 3.1.3 (d) to study zḡ w , sḡ w , y 0 g w and wḡ w . We start by introducing few extra notations.
As
let |o| be the number of elements of o and letḡ o be the reduction mod p of
The number of elements of Φ +w N will be denoted as s(w).
(j) We assume condition 2.2.3 (*) holds. There is a unique connected and smooth subgroup Xḡ w of G k such that its Lie algebra is
From the last three sentences we easily get for i ∈ {1, ..., |o|} that:
N and where either i 0 = |o| and i − i 0 ∈ {1, ..., w α i 0 } or i 0 = |o| and i ∈ {1, ..., w α i 0 }, then x α i can be any element ofḡ α i and it is uniquely determined byȳ α i 0 in a σ i−i 0 -linear way if i 0 = |o| and in a σ i -linear way if i 0 = |o|.
So (c) follows from (l) and (m). By very definitions sḡ
j=i 1 −w α i 0 +1ḡ α j and on the other hand it is included in sḡ w . Thus ⊕ β∈õḡβ ⊂ sḡ w ∩ḡ o and so sḡ w ∩ḡ o = ⊕ β∈õḡβ . So (d) holds.
Asõ has α∈o + w α elements, (e) follows from (d) . Part (f) follows from (a) and (c). To check (g) we will assume thatx ∈ y 0 g w . So alsox ∈ yḡ w (cf. (f) and (b)) and sox 
As Φ U = −Φ N and Φ N have the same number of elements, we have
In 4.1 we define the group action T G k ,σ which is the "very essence" of 1.2 and is also the mod p version of the action T G,φ introduced after 2.2.1. See 4.2 and 4.4 for our Second and Third Basic Theorems. In 4.1.2 to 4.3 we study groups of inner automorphisms of Cḡ's and stabilizers groups of T G k ,σ ; see 4.2.2 to 4.2.5 for some examples and properties. In 4.4 (b) we show that for w 1 , w 2 ∈ W G , C g w 1 and C g w 2 are inner isomorphic iff Cḡ w 1 and Cḡ w 2 are so and we deduce a purely group theoretical characterization of when this happens (see 4.4 (c)). In 4.5 we review the classical analogue T cl G k of T G k ,σ . In 4.6 we include two results on the number of orbits of T G k ,σ and of their dimensions. In 4.6.1 we include an example. In 4.7 we include three remarks. See 4.8 for our conjectured Bruhat F -decompositions pertaining to natural generalizations of T G k ,σ .
We denote also by σ the automorphism of W G defined by the automorphism σ of G fixing G Z p and we use the notations of 2.1, 3.2 and 3.3.
4.1.
A group action. The intersection P ∩ N is the identity section of G. From this and [DG, Vol. III, 4 
As the subgroup of G generated by P 0 and N is parabolic, we have
, whereh 3 = 1 M + pn 3 and h 3 = 1 M + n 3 for some n 3 ∈ Lie(N ). We get
We now introduce the group action "defining" (5). We endow the affine k-variety
with a new group structure by the rules: if (m 1 ,m 2 ,m 3 ), (r 1 ,r 2 ,r 3 ) ∈ H(k), then
. This new group structure is different from the natural product one; however, the group structures induced on U k × k N k and on P 0k (embedded naturally in H via identity elements) are the initial ones. The new group structure on U k × k P 0k is isomorphic to P k and we have a short exact sequence (7) 0
where the epimorphism H → P 0k is such that (m 1 ,m 2 ,m 3 ) ∈ H(k) maps intom 2 ∈ P 0k (k). Formula (5) gives us an action
of H on G k (viewed just as a variety) by the rule on k-valued points
Strictly speaking, this action depends also on µ k (or more precisely on the choices of P 0k and T k ). However, to ease notations it will be denoted just by
The set of orbits of T G k ,σ is in natural bijection to the set of inner isomorphism classes of Cḡ's withḡ ∈ G k (k) (i.e. of the D-truncations mod p of C g 's with g ∈ G(W (k))).
Proof: See [Bo, 1.8 of Ch. 1] for the fact that oḡ is a smooth, locally closed subscheme of G k . As H is connected, the orbits of T G k ,σ are also connected. So (a) holds.
We now prove (b). To the inner isomorphism class < Cḡ > of Cḡ we associate oḡ. As formula (5) can be rewritten asḡ 1 = T G k ,σ ((h 1 ,h 2 ,h 3 ),ḡ), we have oḡ = oḡ 1 and so the fact that the map < Cḡ >→ oḡ is well defined follows from 2.3.2 (b). Each (m 1 ,m 2 ,m 3 ) ∈ H(k) is associated to an element m ∈ PF in the same way we associated
,ḡ), then we have g 2 = g 3 mgφ(m −1 ) for some g 3 ∈ Ker(G(W (k)) → G(k)). So Cḡ 2 and Cḡ are inner isomorphic, cf. 2.3.2 (b). So the map < Cḡ >→ oḡ is injective. As this map is obviously surjective, the Lemma follows. 4.1.2. Some groups. Let Φ R be the Frobenius endomorphism of a k-algebra R. Let Autḡ be the subgroup of G k of inner automorphisms of Cḡ. So Autḡ(R) is the subgroup of G k (R) formed by elements m commuting with the pull backs ofḡφ andVḡ −1 to R. For instance, in the case ofḡφ by this commutation we mean that the following diagram Proof: Ash 1 andh 2 are identity elements, thenḡ = T G k ,σ (h,ḡ) =ḡh −1 3 . Soh 3 is the identity element of N (k). Soh is the identity element of H(k) and so (a) holds.
It suffices to prove (b) under the extra assumptions that G = GL(M ) and that σ normalizes F 1 and F 0 . So σ(N ) = N . Leth 2 ∈ (Autḡ ∩ P 0k )(k). Let h 2 ∈ P 0 (W (k)) lifting it. If g 1 := h 2 gφ(h −1 2 ), then Cḡ 1 = Cḡ. Soh 3 :=ḡ −1ḡ 1 ∈ σ(N )(k) = N (k), cf. 2.3.2 (a). We haveḡ −1h 2ḡ σ(h −1 2 ) =h 3 and so we get (9)ḡ −1h 2ḡ =h 3 σ(h 2 ).
We writeh 2 = 1M + (i 1 ,i 2 )∈I 0x i 1 ,i 2ē i 1 ,i 2 , where I 0 := {1, ..., d} 2 ∪ {d + 1, ..., r} 2 and x i 1 ,i 2 ∈ k (see 2.1 for notations). LetX be the column vector formed byx i 1 ,i 2 's listed using the lexicographic ordered. LetX [p] be the column vector obtained fromX by raising all its entries to their p-th powers. Each element of GL(M )(k) can be written as a sum 1M + i 3 ,i 4 ∈{1,...,r}ȳ y 3 ,y 4 σ(ē i 3 ,i 4 ), where each coefficientȳ i 3 ,i 4 of σ(ē i 3 ,i 4 ) belongs to k.
Next for (i 1 , i 2 ) ∈ I 0 we will identify the coefficients of σ(ē i 1 ,i 2 )'s in formula (9). Ash 3 ∈ σ(N )(k) and as N P 0 = σ(N )P 0 is a parabolic subgroup of G having N = σ(N ) as its unipotent radical, the coefficient of σ(ē i 1 ,i 2 ) for the right hand side of (9)
, then the coefficient of σ(ē i 1 ,i 2 ) for the left hand side of (9) is 1 plus a k-linear combination of thē
is such a k-linear combination). So there is a square matrixL with coefficients in k and such that we haveLX =X [p] . The systemLX =X [p] defines a p[d 2 + (r − d) 2 ] dimensional k-algebra and so has a finite number of solutions. So (Autḡ ∩ P 0k )(k) is a finite abstract group and so the group scheme Autḡ ∩ P 0k is finite.
Second Basic Theorem. (a)
There is a finite epimorphism aḡ : S red g ։ Aut red g inducing an isomorphism at the level of k-valued points. In particular, the groups S red g , Aut red g and Rḡ have the same dimension.
(b) The group scheme Rḡ is unipotent and its Lie algebra is commutative.
(c) For any w ∈ W G , the dimension of the group Rḡ w is the number s(w) (defined in 3.3) and so we have (5) we get g 2 =ḡσ(h 3 ). So Cḡ = Cḡ 2 , cf. 2.3.2 (a) and the relationh 3 ∈ N (k). Soh 12 ∈ Aut red g (k). The associationh →h 12 defines a homomorphism aḡ : S red g → Aut red g , cf. rule (6). The group Ker(aḡ)(k) is trivial, cf. 4.1.3 (a). So Ker(aḡ) is a finite, flat group scheme. So aḡ is finite. We now work conversely. Ifh 12 =h 1h2 ∈ Aut red g (k) and if h 12 and g 2 are as above, then Cḡ = Cḡ 2 and soh 3 :
. So the homomorphism aḡ(k) : S red g (k) → Aut red g (k) is onto. As aḡ(k) is also injective, it is an isomorphism. So (a) holds.
The action T G k ,σ is a suitable restriction of the action T GL(M ),σ . So it suffices to prove (b) under the extra assumption G = GL(M ). So based on 2.3.3 we can assume g is a g w element. So for the rest of the proofs of (b) and (c) we will work with a g w and we will not assume anymore that G is GL(M ). We recall that Φ +w N has s(w) elements.
Let α ∈ Φ N . Let G a,α be the vector group scheme defined by g α ; so G a,α (W (k)) = g α . We will prove the following two things:
N , then there is a curve of Rḡ w passing through the identity element and having the tangent space at this element equal toḡ α ;
(ii) the orbit oḡ w has dimension at least dim k (G k ) − s(w).
We first show how (i) and (ii) imply both (b) and (c). We have ⊕ α∈Φ +w Nḡ α ⊂ Lie(Rḡ w ), cf. (i). So dim k (Lie(Rḡ w )) ≥ s(w). As Rḡ w is reduced and so smooth, we get dim k (Rḡ w ) ≥ s(w). On the other hand we have dim k (oḡ
Thus dim k (Rḡ w ) = s(w) and moreover we have
So the Lie algebra Lie(Rḡ w ) is abelian and has no semisimple elements. So Rḡ w contains no non-trivial torus and so it is a unipotent group. So to end the proof of the Theorem, we just need to check properties (i) and (ii).
We
we do use here a decreasing order). We haveg −1
factors through Rḡ w . Ifx 0 is multiplied byγ ∈ G m (k), thenx i gets multiplied byγ p i . So the image of c α is a curve of Rḡ w whose tangent space at 1M isḡ α . This proves (i).
The tangent map of rḡ w at identity elements has as image Lie(P k ). So the image of rḡ w has dimension dim k (P k ) and its tangent space at the identity element is Lie(P k ). Let c α : G a,α k → oḡ wḡ −1 w be the k-morphism which takesx w α into 1M +x w α . The fact that c α is well defined is implied by 4.1.1 (b) and the following identity (this time we use an increasing ordering)
The image of the tangent map of c α at identity elements is obviouslyḡα. As oḡ wḡ −1 w is smooth (see 4.1.1 (a)), its dimension is the dimension of its tangent space at the identity element. So as this space contains Lie(P k ) ⊕ α∈Φ N \Φ +w
N , then the tangent map of aḡ w • c α at identity elements is trivial. One can use this to show that aḡ w is the composite of the Frobenius endomorphism of S red g w with an isomorphism S red such that the image of µ in it is non-trivial. Let i 00 ∈ N be the smallest number such that the intersection σ i 00 g w (N ) ∩ G 00 is non-trivial (this intersection makes sense as we can view N as a unipotent subgroup of G ad ). We assume that for each such G 00 , there is w 00 ∈ W G 00 ⊳ W G ad = W G such that g w 00 (σ i 00 g w (N ) ∩ G 00 ) = U ∩ G 00 . Let w 0 ∈ W G be the product of these w 00 elements. Let w 1 := w 0 w. So σ i 00
It is easy to see that w 00 's always exist if all non-trivial simple factors of (Lie(G), φ) are of B n , C n or D R n type (see [Bou, the element w 0 of item (VIII) of plates II to IV]). 4.2.4. An application. We assume µ does not factor through Z(G) (equivalently that Φ N and Φ U are not empty sets). Let w ∈ W G be such that not all slopes of (Lie(G B(k) ), g w φ) are 0. So there is o ∈ O(w) such that m + w (o) = m − w (o) (cf. 3.3.2 for notations). So based on (4) we get that we can choose o ∈ O(w) such that m + w (o) < m − w (o), i.e. such that all slopes of (g o , g w φ) are negative. As the set o ∩ Φ N has more elements than the set o ∩ Φ U , there is α ∈ o such that α ∈ Φ N \ Φ +w N . We now also use the notations of the paragraph checking property (ii) of the proof of 4.2. We know that the D-truncations mod p of C (1 M +x w α )g w and C g w are inner isomorphic. We now check that C (1 M +x w α )g w and C g w are rational inner isomorphic, i.e. that there is h ∈ G(B(k)) such that h(1 M + x w α )g w φh −1 = g w φ.
For i ∈ N let x w α (i) := (g w φ) −i (x w α ). As the slopes of (g o , (g w φ) −1 ) are all positive, the nilpotent elements x w α (i) ∈ Lie(G B(k) ) converge to 0 in the p-adic topology. As these nilpotent elements of Lie(G B(k) ) have square zero inside End(M [ 1 p ]), the element h −1 := lim s→∞ s i=1 (1 M −x w α (i)) ∈ GL(M )(B(k)) is well defined and belongs to G(B(k)). Moreover, we have h(1 M + x w α )g w φh −1 = g w φ.
The following Proposition generalizes to the context of C g 's, the well known fact that the Barsotti-Tate group of a finite product of supersingular elliptic curves over k is uniquely determined by its truncation mod p.
Proposition.
Let w ∈ W G be such that dim k (oḡ w ) = dim k (P k ). Then we have:
(a) All slopes of (Lie(G), g w φ) are 0.
(b) The inner isomorphism class of C g w is uniquely determined by the isomorphism class of Cḡ w .
Proof: The hypotheses dim k (oḡ w ) = dim k (P k ) is equivalent to s(w) = dim k (N k ), cf. 4.2 (c). So we have Φ N = Φ +w N . This equality implies that for any orbit o ∈ O(w) \ O(w) 0 , the epsilon string ε w (o) = (ε 1 , ..., ε |o| ) defined in 3.3.2 is neither of the form (..., −1, 0, 0, ..., 0, 0, −1, ...) nor of the form (0, 0..., 0, 0, −1, ..., −1), where 0, 0, ..., 0, 0 stands for a sequence formed just by 0's.
. From the last two sentences and (4) we get that in fact we have m +
. So all slopes of (g o , g w φ) are 0, cf. 3.3.2. As all slopes of (Lie(T ), g w φ) are 0, we get that (a) holds.
We now prove (b). Let H Z p and H := H W (k) be as before. Let g ∈ G(W (k)) be such that Cḡ and Cḡ w are inner isomorphic. We will prove that this implies that C g and C g w are in fact inner isomorphic. Based on 2.3.2 (b) we can assume that we can write g = g 0 g w , where g 0 ∈ Ker(G(W (k)) → G(k)). Based on the proof of 2.2.2 (a) we can assume that g w ∈ H(W (k)) and that g 0 ∈ Ker(H(W (k)) → H(k)). So to check that C g and C g w are inner isomorphic we can assume that G = H and so that condition 2.2.3 (*) holds.
Let E Z p be the subset of Lie(G) formed by elements fixed by g w φ.
The key fact is that we have
As the epsilon string ε w (o) = (ε 1 , ..., ε |o| ) is neither of the form (..., −1, 0, 0, ..., 0, 0, −1, ...) nor of the form (0, 0..., 0, 0, −1, ..., −1), we have g
It is a Lie subalgebra of Lie(P k ) containing Lie(T k ). So there is a unique connected, smooth subgroup F of P k whose Lie algebra is F, cf. 3.2.3 (b). Let E be the affine, flat group scheme over W (k) who is the dilatation of F k on G k (see [BLR, p. 63 and 64] 
is a direct consequence of the universal property of the homomorphism E → G (see last loc. cit.) applied to Spec(W (k)[x]/(x 2 ))-valued points while the inclusion Lie(E) ⊂ E Z p ⊗ Z p W (k) is a direct consequence of (13) and of the fact that the image of E in G k is F k .
The group scheme E is uniquely determined by its Lie algebra and the facts that E B(k) = G B(k) and T is a maximal torus of E. As both T and Lie(E) are normalized by g w φ, we get that g w φ induces naturally a σ-automorphism of E (i.e. an isomorphism
The action of σ on E(W (k)) defined by this Z p -structure E Z p is the same as the action of g w φ on E(W (k)) defined by the rule: h ∈ E(W (k)) is mapped into g w φ(h)g −1 w . We have g 0 ∈ E(W (k)). From 2.1.1 applied to E Z p we get the existence of h ∈ E(W (k)) such that we have g 0 = hg w φ(h) −1 . So g 0 g w φh = hg w φ and so h defines an inner isomorphism between C g and C g w . So (b) holds. 4.3. Theorem. Let w ∈ W G . Let µ 1k be a P (k)-conjugate of µ k such that the imagel 1 under dµ 1k of the standard generator of Lie(G m ) is contained in the k-span sḡ w of zḡ w . Then µ 1k and µ k are Autḡ w (k)-conjugate.
Proof: For α ∈ Φ, there is a unique G a -subgroup of G normalized by T and having g α as its Lie algebra (cf. [DG, Vol. III, Th. 1.1 of p. 156]). Let U +w be the subgroup of U which is the product of the G a -subgroups normalized by T and whose Lie algebras 1 (d) ) and from the definition of w α 's we get that for
. The group Autḡ w normalizes the k-vector spaces sḡ w (cf. 3.1.1 (a)) and Lie(U k ) (as it is a subgroup of P k ). Thus Autḡ w normalizes their intersection Lie(U +w k ). So as U +w k (k) = {1M +ū|ū ∈ Lie(U +w k )}, the group U +w k is as well normalized by Aut red g w . Let Aut 0red g w be the identity component of Aut red g w . The direct sum of the tangent spaces at identity elements of the images of the kmorphisms c α 's (α ∈ Φ +w N ) of the proof of property (i) of 4.2 is Lie(Rḡ w ), cf. (11). So the group Rḡ w is generated by these images. So Aut 0red g w (k) is generated by the images of aḡ w • c α 's, cf. 4.2 (a). So Aut 0red g w (k) is generated by elementsh 1h2 withh 1 ∈ U +w (k) and h 2 ∈ P 0 (k), cf. (12) and the proof of 4.2 (a). The product of two such elementsh 1h2 and m 1m2 of Aut 0red g w (k) isr 1r2 , wherer 1 :=h 1h2m1 (h 1h2 ) −1h 1 andr 2 :=h 2m2 ∈ P 0 (k). But as Aut 0red g w normalizes U +w k , we haver 1 ∈ U +w (k). So using a natural induction we get that eachh ∈ Aut 0red g w (k) is a producth 1h2 , withh 1 ∈ U +w (k) andh 2 ∈ P 0 (k). As Aut 0red g w is a subgroup of P k ,h is uniquely written as a producth 1h2 of the form mentioned.
We check that the associationh →h 1 defines a finite k-morphism pḡ w : Aut 0red g w → U +w k which is surjective on k-valued points. Each non-empty k-fibre of pḡ w has a number of kvalued points equal to the order of the group Q := (Aut 0red g w ∩ P 0k )(k). So as Q is finite (cf. 4. 1.3 (b) ), pḡ w is quasi-finite. So as dim k (U +w k ) = s(w) = dim k (Aut 0red g w ) (cf. 4.2 (a) and (c) for the last equality), pḡ w is also dominant. So Aut 0red g w is an open, dense subscheme of the normalization A +w of U +w k in the field of fractions of Aut 0red g w , cf. Zariski Main theorem (see [Ra, Ch. IV] ). The action of Q on Aut 0red g w via right translations extends to an action on A +w . The quotient k-morphism Aut 0red g w → Aut 0red g w /Q is a Galois cover. The natural finite factorization A +w /Q → U +w k is radicial (i.e. universal injective on geometric points) above an open, dense subscheme of U +w k and so the field extension defined by the field of fractions of A +w /Q and U +w k is purely inseparable. So there is a bijection between prime divisors of U +w k and A +w /Q (it is defined by taking reduced structures on pull backs). We show that the assumption that the open, affine subscheme Aut 0red g w of A +w is not the whole affine scheme A +w , leads to a contradiction. This assumption implies that there is a set of prime divisors of A +w permuted by Q and contained in the complement C +w of Aut 0red g w in A +w (cf. [Ma, Th. 38] ). The image D 0 in U +w k of any such divisor of A +w is a prime divisor of U +w k whose pull back to A +w is contained in
∈ k is an invertible element of the k-algebra A 0 of global functions of Aut 0red g w . As Aut 0red g w is a unipotent group (cf. 4.2 (a) and (b)), A 0 is a polynomial ring over k. So such an f can not exist. Contradiction.
So we have A +w = Aut 0red g w . So the k-morphism pḡ w is finite and dominant and so also surjective on k-valued points.
Any P (k)-conjugate of µ k is also a U (k)-conjugate of µ k . So letū ∈ U (k) be such that µ 1k =ūµ kū −1 . We writeū = 1M +ȳ, whereȳ ∈ Lie(U k ). We havē
. So we haveū ∈ U +w (k). Letā ∈ Aut 0red g w (k) be such that pḡ w (ā) =ū. As P 0 (k) centralizes µ k , the inner conjugate of µ k throughā isū(µ k )ū −1 and so is µ 1k . 4.4. Third Basic Theorem. Let w 1 and w 2 ∈ W G . For s ∈ {1, 2} let X g w s be the centralizer in G of the subtorus of T generated by {σ i g w s (µ)|i ∈ Z} (cf. 2.1.2). We have: (a) If Cḡ w 1 and Cḡ w 2 are inner isomorphic, then there ish 2 ∈ P 0 (k) defining an inner isomorphism between Cḡ w 1 and Cḡ w 2 .
(b) The Shimura F -crystals C g w 1 and C g w 2 are inner isomorphic iff Cḡ w 1 and Cḡ w 2 are inner isomorphic.
(c) Let R G be the relation on W G such that two elements w 1 and w 2 of W G are in relation R G iff there are w 3 ∈ W P and w 4 ∈ W w 2 := ((X g w 2 ∩ N T )/T )(W (k)) W G such that we have w 1 = w 3 w 4 w 2 σ(w −1 3 ). Then Cḡ w 1 and Cḡ w 2 are inner isomorphic iff w 1 and w 2 are in relation R G . (d) The relation R G on W G is an equivalence relation.
Proof: Before starting the proof, let us remark that if condition 2.2.3 (*) holds, then the special fibre of X g w is the subgroup Xḡ w of G k introduced in 3.3.1 (j) (cf. proof of 3.3.1 (j)). So our notations match with the ones of 3.3.1 (j). We prove (a). Leth ∈ P (k) defining an inner isomorphism between Cḡ w 1 and Cḡ w 2 . We havel 0 ∈ Lie(T k ) ⊂ sḡ w s , s ∈ {1, 2} (cf. 3.3.1 (a) ). Buth(sḡ w 1 ) = sḡ w 2 , cf. 3.1.1 (a) and (b). Soh(l 0 ) andl 0 belong to sḡ w 2 . Letm ∈ Aut(Cḡ w 2 )(k) taking under inner conjugationh(l 0 ) intol 0 , cf. 4.3. Soh 2 :=mh is an inner isomorphism between Cḡ w 1 and Cḡ w 2 which centralizesl 0 . The centralizer ofl 0 in G k is P 0k . Soh 2 ∈ P 0 (k). So (a) holds.
We prove (b). The only if part is trivial. We prove the if part. So Cḡ w 1 and Cḡ w 2 are inner isomorphic. Leth 2 ∈ P 0 (k) be as above. Let H Z p ⊳ G Z p and H := H W (k) be as before 2.2.2. To prove that C g w 1 and C g w 2 are inner isomorphic we can assume that g w 1 and g w 2 belong to H(W (k)), cf. 2.2.2 (a). We first consider the case G = H (i.e. J c = ∅). So G is generated by G(W (k) )-conjugates of cocharacters of G in the set {σ i (µ)|i ∈ Z}. Ash 2 ∈ P 0 (k) we haveh 2 (Lie(P 0k )) = Lie(P 0k ). So ash 2 (zḡ w 1 ) = zḡ w 2 , from 3.3.1 (i)
So the subgroupsh 2 Xḡ w 1h −1 2 and Xḡ w 2 of G k have the same Lie algebras and so from the uniqueness part of 3.3.1 (j) we get thath 2 Xḡ w 1h −1
. By replacing w 1 with w −1 3 w 1 σ(w 3 ) and so implicitly by replacing g w 1 with g w −1
The group X g w s contains T and its special fibre is Xḡ w 1 = Xḡ w 2 . So the group X g w s does not depend on s ∈ {1, 2} (cf. [DG, Vol. III, 5.3.7 of Exp. XXII]) and so we denote it by X. Let X n be the normalizer of X in G, cf. [DG, Vol. II, 6.11 of p. 178] . As g w s φ permutes the cocharacters in the set {σ i g w s (µ)|i ∈ Z} and as µ factors through X, g w s φ normalizes Lie(X). So h 12 := g w 2 g −1 w 1 normalizes Lie(X) and so also X, cf. 2.1.3. So h 12 ∈ X n (W (k)). Also as µ factors through T and so through X, the triples (M, g w 1 φ, X) and (M, g w 2 φ, X) are Shimura F -crystals over k. As X k is the identity component of X n k (cf. 3.2.3 (b)), X is the identity component of X n . Let h 2 ∈ X(W (k)) liftingh 2 ∈ X(k). We have h 2 g w 1 φh −1 2 = g 0 h 12 g w 1 φ = g 0 g w 2 φ, where g 0 ∈ G(W (k)) is such thatḡ 0 ∈ σ g w 2 (N )(k) (cf. 2.3.2 (a)). As (M, g w 1 φ, X) is a Shimura F -crystal over k, we have g 0 h 12 = h 2 g w 1 φh −1 2 (g w 1 φ) −1 ∈ X(W (k)). Soḡ 0h12 ∈ X(k) and soḡ 0 ∈ X n (k). The group X = σ g w 2 (X) normalizes σ g w 2 (N ) and the intersection X ∩ σ g w 2 (N ) is the trivial group scheme over Spec (W (k) ). The last two sentences imply that the element g 0 ∈ (σ g w 2 (N ) k ∩ X n k )(k) does centralize X k . Soḡ 0 also centralizes T k and soḡ 0 ∈ T (k). Asḡ 0 is a nilpotent element, we getḡ 0 = 1M . Soh 12 =ḡ 0h12 ∈ X(k). So h 12 ∈ (X ∩ N T )(W (k)) X(W (k)). As µ factors through Z 0 (X) (cf. the definition of X), there is an inner isomorphism between (M, g w 1 φ, X) and (M, g w 2 φ, X) = (M, h 12 g w 1 φ, X) (cf. 2.2.2 (b)). So C g w 1 and C g w 2 are inner isomorphic.
We now prove that C g w 1 and C g w 2 are inner isomorphic even in the case when G = H. Based on the previous three paragraphs we just need to show that the D-truncations mod p of the Shimura F -crystals (M, g w 1 φ, H) and (M, g w 2 φ, H) are inner isomorphic. Let o H g w 1 be the orbit ofḡ w 1 under T H k ,σ . Let H ′ Z p be the semisimple, normal subgroup of G Z p naturally isogenous to G Z p /H Z p = j∈J c G j . So H ′ := H ′ W (k) is a subgroup of P 0 commuting with H and the product W (k)-morphism H× W (k) H ′ → G is an isogeny. So G(k) = H(k)H ′ (k) and P 0 (k) = (P 0 ∩H)(k)H ′ (k). So as U and N are subgroups of H and asḡ w ∈ H(k), the orbit oḡ w 1 is the right translation of o H
. So the D-truncations mod p of (M, g w 1 φ, H) and (M, g w 2 φ, H) are inner isomorphic, cf. 4. 1.1 (b) . So (b) holds.
We prove (c). The only if part follows from the proof of (b) (the role of h 12 above being that of g w −1 4 ). To prove the if part we can assume that w 3 is the identity element, that g w 2 ∈ H(W (k)), that g w 4 ∈ X g w 2 (W (k)) and that g w 1 = g w 4 g w 2 (cf. 2.2.1 for the belongness relations). The Shimura F -crystals (M, g w 1 φ, X g w 2 ) = (M, g w 4 g w 2 φ, X g w 2 ) and (M, g w 2 φ, X g w 2 ) are inner isomorphic, cf. 2.2.2 (b). So C g w 1 and C g w 2 are inner isomorphic and so Cḡ w 1 and Cḡ w 2 are also inner isomorphic. So (c) holds. Part (d) follows from (c).
Classical Bruhat decompositions.
For the Bruhat decompositions recalled below in the context of G k we refer to [Bo, §14] and to their axiomatized and abstract generalization formalized in [Bou, §2 of Ch. 4] . Let U B be the unipotent radical of B. It contains U . Let H cl := P k × k U B k . We have a natural action
3 . The orbits of T cl G k are finite in number and parameterized by elements of W P \W G (cf. [Bou, Rm. of p. 22] ). If w ∈ W G is a lift of a class < w >∈ W P \W G , then the orbit of T cl G k corresponding to < w > is
w is a unipotent, connected, smooth group of dimension equal to the number of elements of the set S(w) cl := {α ∈ Φ|g α ⊂ Lie(U B ), g w (g α ) ⊂ Lie(P )}. So dim k (P k ∩ḡ w U B kḡ −1 w ) ≤ dim k (U B k ) and the equality holds iff < w > is the class of the identity element of W G . The number of elements of the set {α ∈ Φ, g α ⊂ Lie(U B ), g w (g α ) ⊂ Lie(N )} is equal to the length l(< w >) := min{l(w)|w ∈< w >} of the class < w >∈ W P \W G as defined in the theory of Coxeter groups. So the dimension of the variety of (14) is dim k (P k ) + l(< w >). Let
The set S cl w has at least d u elements and so dim k (P k ∩ḡ w U B kḡ −1
w and so iff < w > is the class of the unique element of W G whose representatives in N T (W (k)) conjugate B into B opp .
Let o cl 1 , ..., o cl [W G :W P ] be the orbits of T cl G k . Let d cl i be the dimension of the stabilizer under T cl G k of any k-valued point of o i . We have d cl i ≤ dim k (U B k ) and the equality holds for precisely one value i ∈ {1, ..., [W G : W P ]}. 4.6. Proposition. (a) We assume T G k ,σ has a finite number of orbits o 1 , ..., o s . For i ∈ {1, ..., s} let d i be the dimension of the stabilizer S i under T G k ,σ of a fixed point g i ∈ o i (k). Then s = [W G : W P ] and up to a reindexing of the orbits o 1 , ..., o s , we have ..., s}. Equality (15) is equivalent to the fact that for all i ∈ {1, ..., s} we have dim k (o i ) = dim k (o cl i ); so in particular, we get that T G k ,σ has a unique orbit of dimension dim k (P k ).
Then T G k ,σ has precisely [W G : W P ] orbits. Proof: We prove (a). We recall that G k has a natural F p -structure G F p (see 2.2). Let q ∈ N be such that T cl G k , T G k ,σ and the orbits o cl 1 , ..., o cl [W G :W P ] , o 1 , ..., o s are all defined over F p q . By enlarging q we can assume thatḡ 1 , ...,ḡ s are also defined over F p q . Let H F p q , S iF p q and o iF p q be the natural F p q -structures of H, S i and respectively o i . Let S red iF p q be the reduced scheme of S iF p q . Let S 0red iF p q be the identity component of S red iF p q . Let C i := S red iF p q /S 0red iF p q . By enlarging q we can assume that each connected component of S i has k-valued points which are pull backs of F p q -valued points of S iF p q .
Let q 1 ∈ qN. We have a finite epimorphism H F p q /S red iF p q ։ o iF p q which is radicial. So as H and S 0red i are connected, we have a short exact sequence of pointed sets
The map f i : H 1 (Gal(F p q 1 ), S red iF p q 1 ) → H 1 (Gal(F p q 1 ), C iF p q 1 ) = Hom(Gal(F p q 1 ), C i (F p q 1 )) is injective, cf. Lang theorem of [Se2, p. 132] . As S iF p q (F p q ) surjects onto C i (F p q 1 ) = C i (F p q ), f i is also surjective. So f i is an isomorphism. So the set H 1 (Gal(F p q 1 ), S red iF p q 1 ) has as many elements as C i (F p q 1 ). From this, (16) and (17) we get that o iF p q (F p q 1 ) and the quotient set H F p q (F p q 1 )/S 0red iF p q (F p q 1 ) have the same number of elements e i (q 1 ). Let o(q 1 ), h(q 1 ) and h cl (q 1 ) be the orders of the groups G F p q (F p q 1 ), H F p q (F p q 1 ) and respectively H cl F p q (F p q 1 ). As S 0red iF p q is unipotent (see 4.2 (a) and (b)), it has a normal series whose factors are G a groups. So the order of the group S 0red
The group H (resp. H cl ) is the extension of P 0k by U k × k N k (resp. by U k × k U B k ), cf. (7) (resp. cf. 4.5). So as U B k is unipotent of dimension dim k (N k ) + d u , we have h cl (q 1 ) = p q 1 d u h(q 1 ). Working with T cl G k instead of T G k ,σ , we get the classical analogue
of (18). Let d max := max{d u + d i , d cl j |i ∈ {1, ..., s}, j ∈ {1, ..., [W G : W P ]}}. So as h cl (q 1 ) = p q 1 d u h(q 1 ), from (18) and (19) we get
So taking q 1 > max{s, [W G : W P ]}, the uniqueness of the writing of a rational number in the base p implies that s = [W G : W P ] and that (15) holds after a suitable reindexing of the orbits o 1 , ..., o s . We compute dim
and so the last part of (a) follows from the end of 4.5. So (a) holds.
We prove (b). Our hypotheses imply that by taking s = [W G : W P ] the right hand sides of (18) and (19) are equal. So identity (18) holds and so for q 1 ∈ qN we have
4.6.1. Example. Let n ∈ N. Let G be such that G ad is absolutely simple of B n Lie type. So G ad Z p is split and so is the SO-group of the quadratic form
To ease notations we will assume that T Z p is split, that the image T ′ Z p of T Z p in G ad Z p normalizes each Z p b i and fixes Z p b 2n+1 , and that the cocharacter of T ′ Z p defined by µ fixes {b i |i ∈ {3, ..., 2n +1}} and acts as the inverse of the identical character of G m on Z p b 2 . For w ∈ W G we denote also by w the permutation of {1, ..., 2n} such that g w (b i ) ∈ W (k)b w(i) . The resulting map W G → S 2n is a monomorphism which identifies W G with the subgroup of the symmetric group S 2n of {1, ..., 2n} which permutes the subsets {1, 2}, {3, 4}, ..., {2n − 1, 2n} (see [Bou, plate II] ). So W G has order 2 n n!. Moreover, W P gets identified with the subgroup of W G fixing 1 and 2 and so has order 2 n−1 (n − 1)!. So [W G : W P ] = 2n.
Let {b i 1 ,i 2 |i 1 , i 2 ∈ {1, ..., 2n + 1}} be the standard Z p -basis of End(Z 2n+1 p ). Then Lie(N ) (resp. Lie(U )) is W (k)-generated by {b 1i |i ∈ {3, ..., 2n + 1}} (resp. by {b i1 |i ∈ {3, ..., 2n + 1}}) and so has rank 2n − 1. So for w ∈ W G , s(w) is the number of elements of the set S(w) formed by those s ∈ {3, ..., 2n + 1} such that in the sequence of pairs (w(1), w(s)), ..., (w l (1), w l (s)), ... (l ∈ N), the first pair of the form (t, 1) comes before the first pair of the form (1, t). Here t ∈ {3, ..., 2n}. For (j, ε) ∈ {1, ..., n} × Z/2Z let w j,ε ∈ W G be such that as an element of S 2n it fixes 2j + 1, ..., 2n + 1, takes s into s + 2 if s ∈ {1, ..., 2j −2}, and moreover if ε = 1 (resp. ε = −1) it takes (2j −1, 2j) into (1, 2) (resp. into (2, 1)). If ε = 1, then S(w j,ε ) = {3, 5, ..., 2j −1} and so s(w j,ε ) = j −1. If ε = −1, then S(w j,ε ) = {4, ..., 2j, 2j + 1, ..., 2n + 1} and so s(w j,ε ) = 2n − j. Thus s(w j,ε ) determines (j, ε) and in fact we have {s(w j,ε )|(j, ε) ∈ {1, ..., n} × Z/2Z}} = {0, 1, ..., 2n − 1}.
So the orbits oḡ w j,ε 's are distinct and we can index them o 1 , ...., o 2n in such a way that for i ∈ {1, ..., 2n} we have d i = i − 1. As Φ has 2n 2 roots (cf. [Bou, plate II]), we have d u = n 2 − (2n − 1) = (n − 1) 2 . It is well known that we can assume that for i ∈ {1, ..., 2n} we have d cl i = d u + d i = (n − 1) 2 + i − 1 (i.e. that o cl i is of codimension in G k equal to i − 1 and so of dimension equal to dim k (o i ) = 2n 2 + n − i + 1; this is implicitly reproved in this paper once 1.2 is checked). So o 1 , ...., o 2n are the only orbits of T G k ,σ , cf. 4.6 (b).
Remarks. (a)
We use the notations of 3.3. Let N −w N be the product of the G a subgroups of N normalized by T and having g π w α w (α) 's with α ∈ Φ N \ Φ +w N as their Lie algebras. Let o ′ḡ w be the connected, reduced, locally closed subscheme of G k whose k-valued points are of the formh 1h2nḡw σ(h −1 2 ), whereh 1 ∈ U k (k),h 2 ∈ P 0k (k) and n ∈ N −w k (k). The proof of property (ii) of 4.2 can be easily adapted to get that o ′ḡ w is an open subscheme of oḡ w . It seems to us that the counting arguments of the proof of 4.6 can be adapted to show that the following presumed analogue o ′ḡ w = oḡ w of (14) holds. Regardless of the fact that this analogue holds or not, for w 1 , w 2 ∈ W G , the orbit oḡ w 1 specializes to oḡ w 2 iff o ′ḡ w 1
Similarly to T G k ,σ , one can study the reduction T G W q (k) ,σ mod p q of the action T G,φ introduced after 2.2.1. For instance, the role of H gets replaced by
, where we denote also by U W q (k) , P 0W q (k) and N W q (k) the affine groups over k they define naturally. Several properties of T G k ,σ get immediately
is the extension of H by a unipotent group over k, the identity components of the reduced stabilizers of T G W q (k) ,σ are unipotent. However, in general even for small values of q (like 2 or 3), the number of orbits of T G W q (k) ,σ is infinite.
(c) One can use 4.6 (b) to get a short proof of 2.4.2 which does not appeal to [Kr] (it is 4.4 (c) which tells us how to build up distinct orbits of T G k ,σ intersecting N T (k)).
4.8. Bruhat F -decompositions. Let S be a reductive group over k. Let P S be a parabolic subgroup of S and let U S be its unipotent radical. Let F : S → S be a surjective endomorphism. Let S F (k) be the subgroup of S(k) formed by elements fixed by F . We assume there is a maximal torus T S of P S such that F (T S ) = T S . Let P 0S be the Levi subgroup of P S containing T S . Let N S be the unipotent subgroup of S which is the opposite of U S with respect to T S . In Spring 2001 we conjectured: 4.8.1. Conjecture (Bruhat F -decompositions for reductive groups over k). We assume the group S F (k) is finite. Then any element g S ∈ S(k) can be written as a product
where W S is the Weyl group of S (of automorphisms of T S ) and W P S is its subgroup formed by elements whose representatives normalize P S .
Behind this Conjecture there is a group action T S,F entirely similar to the one T G k ,σ of 4.1. In particular, we have an adjoint version T G ad k ,σ :
in which the roles of G k and P 0k are replaced by the ones of G ad k and respectively of the image of P 0k in G ad k . Our motivations for this Conjecture are based on the next Proposition. 4.8.2. Proposition. We assume the group S F (k) is finite. We have: Proof: Part (a) follows from 2.3.2 (b) and 4.1.1 (b). We prove (b). Considering the isogeny S → S ad × k S/S der , it suffices to check (b) in the cases when S is a torus or an adjoint group. The case when S is a torus is trivial. We now refer to the case S = S ad . As F maps a simple factor of S into a simple factor of S, it suffices to check (b) under the hypothesis that S is simple. As S F (k) is finite, F is not an automorphism (cf. [St, 10.13] ). So h 0 F h −1 0 is not an automorphism. So the group S h 0 F h −1 0 (k) is finite, cf. loc. cit. So (b) holds. We prove (c). The orbit of h w under T S,h 0 F h −1 0 is the right translation by h −1 0 of the orbit of h w h 0 under T S,F . From this (c) follows. Part (d) is just a reformulation of Steinberg's form of Lang theorem, cf. [St, 7.3] and (b).
We prove (e). We have P 0S = T S . By replacing F with some h 0 F h −1 0 , we can assume
So (e) is equivalent to the classical Bruhat decomposition for S presented in [Bo, 14.12] and so (e) holds. §5. The inductive step
We present an inductive approach needed in §6 to prove 1.2 (a). Let g ∈ G(W (k)). Let G 1 be a reductive subgroup of GL(M ) containing G and such that the triple (M, φ, G 1 ) is a Shimura F -crystal over k. Let G 1Z p be the subgroup of GL(M Z p ) whose pull back to Spec(W (k)) is G 1 . Let T 1Z p be a maximal torus of G 1Z p containing T Z p . If T 1 := T 1W (k) , then φ(Lie(T 1 )) = Lie(T 1 ). Let P 1 , U 1 and N 1 be for G 1 , µ and T 1 what P , U and N are for G, µ and T . Let G 0ad be the maximal direct factor of G ad in which µ has trivial image. 5.1. Theorem. We assume that the following three conditions hold:
(i) all simple factors of (Lie(G ad 1 ), φ) or of (Lie(G ad ), φ) are non-trivial and the maximal tori of G k are generated by cocharacters of GL(M ) of weights {−1, 0};
(ii) there is a subset R G 1 of W G 1 such that 1.2 (a) holds in the context of (M, g 1 φ, G 1 )'s, where g 1 ∈ G 1 (W (k));
(iii) each G 1 (k)-conjugate µ 2k of special fibres of cocharacters of G 1 in the set {σ i (µ)|i ∈ Z} with the property that Im(dµ 2k ) ⊂ Lie(G k ), factors through G k .
We also assume that one of the following two additional conditions holds: (iv) the finite group Z(G)/Z 0 (G) isétale and there is a direct sum decomposition Lie(G 1 ) = Lie(G) ⊕ Lie(G) ⊥ of G-modules which after inverting p is preserved by φ;
(v) Z 0 (G) = Z(G) = Z(G 1 ) and there is a direct sum decomposition Lie(G ad 1 ) = Lie(G ad ) ⊕ Lie(G ad ) ⊥ of G ad -modules which after inverting p is preserved by φ.
Then a subset R G of W G as in 1.2 (a) also exists.
Proof: Let h ∈ G 1 (W (k)) with the properties thath ∈ P 1 (k) and that there is g 0 ∈ G 1 (W (k)) such that g w 1 := g 0 hgφ(h −1 )
normalizes Lie(T 1 ) and we haveḡ 0 ∈ σ g w 1 (N 1 )(k), cf. (ii) and 2.3.2 (a) and (b) applied to (M, gφ, G 1 ). Here σ g w 1 := g w 1 σ and w 1 is the element of the Weyl group W G 1 of G 1 (with respect to T 1 ) having g w 1 as a representative. Let X 1ḡ w 1 be the reductive subgroup of G 1k which is the analogue of Xḡ w of 3.3.1 (j) but obtained working with (M, g w 1 φ, G 1 ). Let X
3.1.1 (a) and (b). As Lie(T g w 1 1F p ) is included in the k-span of zḡ w 1 ,l 1 belongs to the k-span of z 1ḡ . In the next four paragraphs we studyl 1 and we show that we can assumel 1 isl 0 .
We first assume that (iv) holds. Let Lie(G k ) ⊥ := Lie(G) ⊥ /pLie(G) ⊥ . As µ factors through G and due to the G-module part of (iv), we have Lie(U 1k ) = Lie(U k ) ⊕ Lie(U 1k ) ∩ Lie(G k ) ⊥ . Moreover the map L 1g : Lie(P 1 ) + pLie(G 1 ) → Lie(G 1 ) which is the analogue of L g of 3.1 but for (M, gφ, G 1 ), is the direct sum of L g and of a map L ⊥ g :
So we can writel 1 =l +l ⊥ , wherel andl ⊥ belong to the k-spans of zḡ and respectively of z 1ḡ ∩Lie(G k ) ⊥ . For anyȳ ∈ Lie(G k ) we have [l 1 −l,ȳ] ∈ Lie(G k ) ⊥ and so if [l 1 ,ȳ] ∈ Lie(G k ), then we have [l 1 −l,ȳ] = 0. We get that for allx ∈ Lie(U k ) we have [l,x] = [l 1 ,x] = −x = [l 0 ,x]. We also get that ifx ∈ Lie(P 0k ) maps into an elementx ad of Lie(G ad k ) belonging to Lie(G 0ad k ), then we have [l 1 ,x] ∈ Lie(U 1k ) = Lie(U k ) ⊕ Lie(U 1k ) ∩ Lie(G k ) ⊥ and so the Lie bracket ofx ad and of the image ofl in Lie(G ad k ) belongs to Lie(U k ) ∩ Lie(G 0ad k ) = {0}. In other words, the image ofl in Lie(G ad k ) commutes with Lie(G 0ad k ). Letl ′ 0 :=l−l 0 . It is an element of Lie(P k ) commuting with Lie(U k ) and its imagel ′′ 0 in Lie(G ad k ) commutes with Lie(G 0ad k ). We show that this impliesl ′ 0 ∈ Lie(Z(G k )) + Lie(U k ). Let P ′ be the image of P in G ad . We identify U with the unipotent radical of P ′ . The action of the reductive group scheme P ′ /U on Lie(U ) ⊕ Lie(G 0ad ) via inner conjugation identifies P ′ /U with a closed subgroup of GL(Lie(U ) ⊕ Lie(G 0ad )). Argument: over B(k) this is well known and so the statement follows from [Va1, 3.1 
Sol 0 +ȳ =l −x belongs to the k-span of zḡ and is the conjugate ofl 1 through (1M + y)h ∈ P 1 (k). Soh(l 0 +ȳ) andl 0 =h(l 1 ) are P 1 (k)conjugate and belong to the k-span of zḡ w 1 . So from 4.3 applied to (M, g w 1 φ, G 1 ) we get that there is h 1 ∈ P 1 (W (k)) lifting a k-valued point of the group of automorphisms of C 1ḡ w 1 and such thath 1h (l 0 +ȳ) =l 0 . So by replacing h with h 1 h and g 0 by a multiple of it by an element of G 1 (W (k)) lifting a k-valued point of σ g w 1 (N 1 ), we can assume that l 1 = (h) −1 (l 0 ) isl 0 +ȳ ∈ Lie(P k ). Sol ⊥ = 0 and so we havel 1 =l.
Up to a replacement of g and h by (1 M − y)gφ(1 M + y) and respectively h(1 M + y), where y ∈ Lie(U ) liftsȳ, we can assumel 1 =l 0 =l.
The centralizer ofl 1 =l 0 in z 1ḡ is Lie(X F p 1ḡ ) (after inner conjugation withh, this follows from 3.3.1 (i) applied to (M, g w 1 φ, G 1 )) and is also the direct sum of the centralizers ofl 0 in zḡ and in z 1ḡ ∩Lie(G k ) ⊥ . So the smallest subspace ss of Lie(X F p 1ḡ ) whose tensorization with k containsl 0 , is contained in sḡ. AsT k is generated byh −1 σ ī g w 1 (µ 1k )h's (where i ∈ Z), the Lie algebras of the images of these cocharacters are contained in ss and so also in Lie(G k ). So these images are tori of G k , cf. (iii). SoT k is a torus of G k . So asT k centralizesl 0 , it is a torus of P 0k .
As the maximal tori of P 0k are P 0 (k)-conjugate, up to a replacement of g and h by h 0 gφ(h −1 0 ) and respectively by hh −1 0 , where h 0 ∈ P 0 (W (k)), we can assumeT k T k . Let T be the subtorus of T liftingT k . LetT ′ := σ g (T ),T ′′ := σ g (T ),S ′ := σ g (T N ) and
. From (i) and 3.2.5 (b) we get thatT k centralizes a maximal torus ofS ′′ k . SoT k is a subtorus of this maximal torus ofS ′′ k . So there is g 2 ∈ σ g (N )(k) such thatḡ 2 takes under inner conjugationT ′ k into a torus commuting with T k , cf. [Bo, (4) of 10.6]. So by replacing g and g 0 with g 2 g and respectively g 0 hg 2 h −1 , where g 2 ∈ G(W (k)) liftsḡ 2 , we can assumeT k andT ′ k commute (this replacement is allowed, cf. 2.3.2; it also preserves zḡ, cf. 3. 1.1 (b) ). Up to a replacement of g and h by h ′ 0 gφ(h ′ 0 −1 ) and respectively hh ′−1 0 , where h ′ 0 ∈ P 0 (W (k)) lifts a k-valued point of the centralizer ofT k in P 0k , we can assumeT ′ k T k . By replacing g and g 0 with g 3 g and respectively g 0 hg 3 h −1 , where g 3 ∈ Ker(G(W (k)) → G(k)), we can assumeT ′ is as well a subtorus of T (cf. [DG, Vol. II, p. 47 and 48] ). But ashT kh −1 is the pull back to Spec(k) of a subtorus of Z 0 (X (M, gφ,G) and (M,ggφ,G), cf. 2.2.2 (b). We takeg such thatggφ normalizes T . So up to a T (W (k))-translate ofg, there is w ∈ W G such thatgg = g w . So C g and C g w are inner isomorphic. This ends the proof of the Theorem in the case when (iv) holds. If (v) holds, then the same proof applies. We just need to work with the images of l 1 andl 0 in Lie(G ad 1k ) instead ofl 1 andl 0 . §6. Proof of the First Basic Theorem
In this Chapter we situate ourselves in the context of 1.2. In 6.1 we prove 1.2. A fast way to prove 1.2 is to first use 4.2, 4.4 and 4.6 to prove the shifting process which says that it suffices to prove 1.2 for p >> 0 and then to show that 5.1 applies if p >> 0. For the sake of completeness and of future applications (we have in mind the extension of [Va1] to the case of small primes p ∈ {2, 3}), we will formalize and use the shifting process only when it is truly required (i.e. only in the Case 5 of 6.1). See 6.2 for other practical forms of 1.2 and 4.2.5 which combine 4.4 (c) with 4.8.2 (a). See 6.3 for two remarks.
Let µ ad : G m → G ad be the composite of µ with the natural epimorphism G ։ G ad .
. Let Tr be the trace form on End(M ).
6.1. Proof of 1.2. We now prove 1.2. If the set R G exists, then the action T G k ,σ has a finite number s of orbits and so s = [W G : W P ] (cf. 4.6 (a)); thus [W G : W P ] is the smallest number of elements our sets R G can have (cf. 4.1.1 (b) and 2.3.2 (b)). So to prove 1.2, it suffices to prove that 1.2 (a) holds.
To show the existence of the set R G we can assume that J c = ∅ (cf. 2.2.2 (a)) and that J = ∅ (cf. 2.2.2 (b)). So as µ is a cocharacter of GL(M ) of weights {−1, 0}, for every i ∈ Z the image of σ i (µ) in any simple factor SF of G ad is either a minuscule cocharacter (i.e. it acts on Lie(SF ) via the trivial, the identical and the inverse of the identical cocharacter of G m ) or trivial. To prove 1.2 (a) we have to show that each orbit of T G k ,σ intersects N T (k). As Z(G)(k) is contained in T (k) and due to 2.2.1, it is enough to show that each orbit of the action T G ad k ,σ (of 4.8) intersects the image of N T (k) in G ad (k). But T G ad k ,σ = j∈J T G ad jk ,σ . So by fixing a j ∈ J and by replacing G with its subgroup generated by T and by the normal, semisimple subgroup of G der having G j W (k) as its adjoint, we can assume J has only one element. So G ad Z p is simple. Let k 0 be the finite field extension of F p such that G ad , to prove 1.2 (a) it is enough to show that we can choose (M, φ, G) such that the set R G exists. For this we will most commonly just apply 5.1. We will define M Z p , G Z p , T Z p and G 1Z p and implicitly M , G, T and G 1 will be their extensions or pull backs to W (k). Moreover φ will be (1 M Z p ⊗ σ)µ( 1 p ), with µ an adequate lift of µ ad , and so the maximal torus T Z p of G Z p will be the inverse as in Case 1. Let Lie(G) ⊥ be the W (k)-span of the direct summands of Lie(G 1 ) of rank 1, normalized by T 1W (k) and not contained in Lie(G). The direct sum decomposition Lie(G 1 ) = Lie(G) ⊕ Lie(G) ⊥ is normalized by Lie(G) and so also by G. Moreover, Lie(G) ⊥ is the unique T 1W (k) -submodule of Lie(G 1 ) which is a direct supplement of Lie(G) and so as φ(Lie(T 1W (k) )) = Lie(T 1W (k) ), we get that Lie(G) ⊥ [ 1 p ] is normalized by φ. So 5.1 (iv) holds. As n + 1 is odd, we know that the set R G 1 exists. So 5.1 (ii) holds. The centralizer of a maximal torus of G k in G 1k is itself. So µ 2k factors through G k , cf. 2.3.4 (b). So 5.1 (iii) holds. So the set R G exists, cf. 5.1.
is such that mod p is not a square. Argument: forG k 0 this property is well known (see [GLS, 2.2.6 and 2.7] ); but [DG, Vol. III, Prop. 1.21 of p. 336 and 337] allows us to extend this property toG W (k 0 ) . So this case is in essence the same with Case 2: we just have to replace Sp 2n group schemes by SO group schemes of rank n. Only two things need to be dealt with separately. See [Bou, plate IV] for the standard notations of weights and nodes associated to the D n Lie type.
First the existence of µ is implied by the D n case of [Se1, p. 186] 
to Spec(W (k)) via e. We first consider the case n = 4 and k 1 = k 0 . In this case µ exists for only one out of the three possible choices forG 1 W (k 0 ) . More precisely, the non-trivial images of σ i (µ)'s with i ∈ Z in a simple factor G 1ead W (k) of G ad W (k) , are minuscule cocharacters corresponding (up to N T (W (k))-conjugation and up to a numbering of the extremal nodes) to the last two nodes (i.e. α n−1 and α n ) of the Dynkin diagram ofG 1ead W (k) with respect to the image of T ′ W (k) inG 1ead W (k) . The fact that only extremal nodes show up and that not all three extremal nodes show is implied by loc. cit. The fact that at least two extremal nodes show up is implied by the definition of the D H n type. SoG der W (k 0 ) is such that the weight of the representation ofG 1e W (k) on M 1 ⊗ W (k 0 ) e W (k) is ̟ 1 , cf. loc. cit. The case i = 0 also shows that µ exists, cf. loc. cit. If n ≥ 5 or if n = 4 and k 1 = k 0 , then there is a unique isogeny coverG 1 W (k 0 ) ofG W (k 0 ) as in the previous paragraph. The existence of µ is argued as in the case n = 4 and k 1 = k 0 . Second if p = 2 and n is odd we need to argue that µ 2k factors through G k . For this we can assume k 0 = F p . So r = 2n and G k is a GSO 2n subgroup of GL(M ). The representation of G der k onM is symplectic, cf. [Bo, 23.6] . So letG k be the GSp 2n subgroup of GL(M ) containing G k . We know that µ 2k factors throughG k (see Case 2). AsG k and G k have equal ranks, a maximal torus of G k is its own centralizer inG k . So from 2.3.4 (b) we get that µ 2k factors through such a torus and so through G k . So 5.1 (iii) holds.
Case 4: p > 2 and τ is B n or D R n . We first consider the case τ = D R n . We fix embeddings W (k 0 ) ֒→ W (k 1 ) ֒→ W (k). If k 1 = k 0 and n ≥ 5, then the Galois group Gal(k 1 /k 0 ) of order 2 permutes the minuscule weights of the half spin representations ofG sc W (k 1 ) . If n = 4 and k 1 = k 0 we choose the two minuscule weights permuted by Gal(k 1 /k 0 ) and defining half spin representations. If n = 4 and k 1 = k 0 we choose the two minuscule weights ̟ i 1 and ̟ i 2 defining half spin representations ofG sc W (k 0 ) and such that the cocharacters ofG ad W (k) defined by σ i (µ)'s with i ∈ Z, are either trivial or minuscule cocharacters corresponding (up to N T (W (k))-conjugation) to the node α i 3 , where i 3 has the property that we have {i 1 , i 2 , i 3 } = {1, 3, 4} (here the nodes are of the Dynkin diagram ofG ad W (k) with respect to the image of T ′ W (k) inG ad W (k) ). So regardless of who n ≥ 4 and [k 1 : k 0 ] ∈ {1, 2} are, we can speak about a well defined spin representation ofG sc W (k 0 ) on a free W (k 0 )-module M 1 of rank 2 n . We write M 1 ⊗ W (k 0 ) W (k 1 ) = M 1 1 ⊕ M 2 1 , where M 1 1 and M 2 1 are the two half spin representations ofG sc W (k 1 ) . Let M Z p be M 1 but viewed as a Z p -module. Let GGSpin be the subgroup of GL(M 1 ) generated byG sc W (k 1 ) and by the torus whose pull back to Spec(W (k 1 )) is Z(GL(M 1 1 )) × W (k 1 ) Z(GL(M 2 1 )). Let G Z p := Res W (k 0 )/Z p GGSpin. Let G 1Z p be the Res W (k 1 )/Z p of the subgroup of GL(M 1 ) whose pull back to Spec(W (k 1 )) is GL(M 1 1 )× W (k 1 ) GL(M 2 1 ). Let µ be as in Case 1 (cf. [Se1, p. 186] and the definition of the D R n type). We have a direct sum decomposition End(M ) = Lie(G) ⊕ Lie(G) ⊥ of G-modules, where Lie(G) ⊥ is the perpendicular of Lie(G) with respect to Tr (cf. 2.5.1 (vi)). This implies that 5.1 (iv) holds. Also 5.1 (ii) holds, cf. Case 1.
To check 5.1 (iii) we can assume k 0 = F p . LetG be the normalizer of Lie(G) in G 1 . It is a closed subgroup of G 1 containing G. We check thatG is smooth and that Lie(G) = Lie(G). It suffices to show that Lie(G k ) = Lie(G k ). Letx ∈ Lie(G) ⊥ /pLie(G) ⊥ normalizing Lie(G k ). So it centralizes Lie(G k ). Let T 0 k be a maximal torus of G der k . The weights of the action of T 0 k on GL(M ) are distinct and their non-zero differences are not divisible by p in the Z-lattice of weights of G der k with respect to T 0 k (here we need p > 2). This can be checked over C and so it follows from [FH, top of p. 273 and 20.15] : the Zlattice of weights is the Z-lattice of ⊕ n i=1 QL i generated by L 1 , ..., L n−1 and 1 2 (L 1 +...+L n ) and the weights are 1 2 (L 1 + ... + L n ) − i∈I L I , with I an arbitrary subset of {1, ..., n}. So the centralizer of T 0 k in End(M /pM ) is Lie(T 1 k ), where T 1 k is the maximal torus of GL(M ) which is the centralizer of T 0 k in GL(M ). Sox belongs to the Lie algebra of the intersections of all such centralizers T 1 k 's. This intersection of tori commutes with all tori of G k and so also with G k . The weights of the action of T 0 k on M i 1 ⊗ W (k 1 ) k are permuted transitively by the Weil group ofG sc k with respect to T 0 k (cf. loc. cit.) and so for i ∈ {1, 2} theG k -module M i 1 ⊗ W (k 1 ) k is irreducible. So the centralizer of G k in GL(M ) is Z(G k ). Sox ∈ Lie(Z(G k )) ∩ Lie(G) ⊥ /pLie(G) ⊥ = {0}. Sox = 0. SoG is smooth and Lie(G) = Lie(G). So G is the identity component ofG. But µ 2k normalizes Lie(G k ) (cf. 3.2.5 (b)) and so factors through the identity component ofG k and so also through G k . So 5.1 (iii) holds. So the set R G exists, cf. 5.1.
The case τ = B n is essentially the same. The groupG sc W (k 0 ) is split and so we have k 1 = k 0 . We take M 1 to be theG sc W (k 0 ) -module defining the spin representation ofG sc W (k 0 ) . Let GSpin be the subgroup of GL(M 1 ) generated byG sc W (k 0 ) and Z(GL(M 1 )). Using [FH, 20.20 ] as a substitute for [FH, 20.15] , the rest of the argument is the same.
Case 5: p = 2 and τ is B n or D R n . In this Case we will show directly that there are elements w 1 , ..., w [W G :W P ] of W G such that the orbits oḡ w 1 , ..., oḡ w [W G :W P ] of T G k ,σ are distinct and moreover for all i ∈ {1, ..., [W G : W P ]} we have s(w i ) = d cl i − d u (see 3.3 and 4.5 for the notations). Based on 4.2 (c) and 4.6 (b), this implies that oḡ w 1 , ..., oḡ w [W G :W P ] are the only orbits of T G k ,σ and so that the set R G exists.
We first remark that if p > 2, the existence of the elements w 1 , ..., w [W G :W P ] follows from Case 4 and 4.6 (a). To check for p = 2 the existence of such elements w 1 , ..., w [W G :W P ] , we first remark that for w ∈ W G the permutation π w of 3.3 is just the natural action of wσ on the root system Φ of 3.2. Thus the number s(w) of 3.3 can be computed entirely in terms of w and the action of σ on W G . Moreover, the relation R G on W G introduced in 4.4 (c) is also completely determined by the action of σ on Φ and by the cocharacter µ ad of T ′ W (k) . The character µ ad is an element of the abelian group of characters X * (T ′ W (k) ) of T ′ W (k) and Φ is a subset of the abelian group of cocharacters X * (T ′ W (k) ) of T ′ W (k) . We conclude that the existence of elements w 1 , ..., w [W G :W P ] having the desired properties is entirely encoded in the data provided by the following quintuple (X * (T ′ W (k) ), X * (T ′ W (k) ), µ ad , Φ, σ), where we view σ as an automorphism of the root system Φ as well as of the Weyl group W G = W G ad of Φ. But this quintuple does not depend on the prime p, in the sense that for any prime l > 2 there is a Shimura F -crystal (M (l) , φ (l) , G (l) ) over the algebraic closure of F l and such that the analogue quintuple is exactly (X * (T ′ W (k) ), X * (T ′ W (k) ), µ ad , Φ, σ). For instance, if τ = B n , then the Z l -structure G (l)ad Z l of G (l)ad is the Weyl restriction Res W (F l [k 0 :F p ] )/Z l of a split, absolutely simple adjoint group of B n Lie type and (M (l) , φ (l) , G (l) ) is obtained as in Case 4 using spin representations. Thus the existence of elements w 1 , ..., w [W G :W P ] having the desired properties follows from the first sentence of this paragraph. So the set R G exists.
Case 6: τ = A n and k 1 = k 0 . We use the notations of Case 1 with k 1 = k 0 . Let G 1Z p be the unique reductive subgroup of GL(M Z p ) containing G Z p and such that G 1W (k 0 ) is a GSp [k 0 :F p ] 2n group scheme. So G and G 1 have equal ranks. So as in Case 2 for p = 2 and the C 2n Lie type, we get that 5.1 (iii) and (iv) hold. Also 5.1 (ii) holds, cf. Case 2. The rest is as in Case 1, i.e. 5.1 implies that the set R G exists. This ends the proof of 1.2.
The following Corollary combines 1.2 with different parts of §4.
6.2. Corollary. We have the following three properties:
(a) The Conjecture 4.8.1 holds for (S, p S , T S , F ) = (G k , P k , T k , σ). So for anyḡ ∈ G(k) there is w ∈ W G such that Cḡ and Cḡ w are inner isomorphic.
(b) The set of inner isomorphism classes of Cḡ's has [W G : W P ] elements and is in natural bijection to the quotient set R G \W G (see 4.4 (c) and (d) for the equivalence relation R G on W G ).
(c) There is a unique equivalence class < w >∈ R G \W G such that the orbit oḡ w of T G k ,σ has dimension dim k (P k ). The inner isomorphism class of C g w is uniquely determined by the inner isomorphism class of Cḡ w .
Proof: Part (a) follows from 1.2 and 4.8.2 (a). Part (b) is just a translation of the first part, cf. 4.1.1 (b) and 4.4 (c). Part (c) just combines 4.6 (a) and 4.2.5.
In the Case 6 of 6.1, as G 1Z p we can also take Res W (k 1 )/Z p GL(M 1 ). Conditions 5.1 (i) and (ii) hold. But condition 5.1 (iii) does not hold iff p = 2, n ∈ 1 + 2N and P ad 0 has simple factors of A n−1 2 Lie types. Also conditions 5.1 (iv) or (v) do not hold if p = 2 and n ∈ 1 + 2N.
(b) Referring to 6.2 (b), one can use [Mo1, 4.7 and 5.5 ] to show that there is a natural bijection b G : R G \W G ∼ → W P \W G . This would go as follows. We can assume we are in the context of the first five Cases of 6.1 or of Case 6 of 6.1 but taking G 1 as mentioned in (a). Let P 1 be the normalizer of F 1 in G 1 . The centralizer T 1 of T in G 1 is a maximal torus of G 1 . So N T is a subgroup of the normalizer N T 1 of T 1 in G 1 . So we have a natural injective map W P \W G ֒→ W P 1 \W G 1 . One first checks the existence of b G 1 (except for the Cases 2 and 3 of 6.1 with p = 2 and n even, this follows from [Mo1, 4.7 and 5 .5] and 6.2 (b)). So due to 1.2 (or 6.2 (b)), loc. cit. can be entirely adapted to show that the existence of b G itself. Using 4.4 (c), one can reobtain the existence of b G in a more direct way. §7. Applications to stratifications
We continue to use the notations of 2.1. See 4.1 for T G k ,σ . Let Y be a separated, reduced k-scheme of finite type. Let F Y : Y → Y be its Frobenius endomorphism. LetM be the vector bundle on Y which is the pull back of the vector bundle on Spec(k) defined byM . If B is a vector bundle on Y let B U Y be its restriction to an open subscheme U Y of Y . Let W := (L, F, V, A) be a quadruple, where (i) L is a vector bundle on Y of rank r, (ii) F is a vector bundles homomorphism F * Y (L) → L and V is a vector bundles homomorphism L → F * Y (L), (iii) A is a an atlas of maps (U i , ρ i ) i∈I such that the following four things hold:
(iiia) each U i = Spec(R i ) is an affine, open subscheme of Y and ρ i : L U i ∼ →M U i is an isomorphism with respect to which there isḡ i : U i → G k such that the restriction of F to L U becomes an R i -linear mapM ⊗ k σ R i →M ⊗ k R i which maps x ⊗ 1 intoḡ i (φ(x) ⊗ 1) and the restriction of V to L U becomes an R i -linear mapM ⊗ k R i →M ⊗ k σ R i which mapsḡ i (x ⊗ 1) intoV (x) ⊗ 1, wherex ∈M and we identifyḡ i with an element of G k (R i );
(iiib) if i, j ∈ I and U ij := U i ∩ U j = Spec(R ij ), then ρ jU ij ρ −1 iU ij is the automorphism ofM U ij defined by an element of P k (R ij );
(iiic) we have Y = ∪ i∈I U i ; (iiid) it is not strictly included in any other atlas satisfying (iiia) to (iiic).
So L has a natural structure of a P k -bundle on Y , cf. (i) and (iiib). If y ∈ U i (k), let g iy :=ḡ i • y ∈ G k (k). Let C y := (M ,ḡ iyφ ,Vḡ −1 iy , G k ). Due to (iiib), the inner isomorphism class of C y depends only on y and not on the choices of (U i , ρ i ) andḡ i . Let s(y) be the dimension of the stabilizer ofḡ iy under T G k ,σ . Let o(y) be the orbit ofḡ iy under T G k ,σ .
Definitions. (a)
We say W is uni+versal if for each y ∈ Y (k) there is a pair (U i , ρ i ) ∈ A such that y ∈ U i (k) and we can chooseḡ i : U i → G k having the property that its composite with the quotient morphism G k → P k \G k isétale.
